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Abstract

In this paper, we discuss the solution of a system of fuzzy linear equations, X =AX + U, and its iteration algorithms
where A4 is a real n X n matrix, the unknown vector X and the constant U are all vectors consisting of n fuzzy numbers,
and the addition, scale-multiplication are defined by Zadeh’s extension principle. After introducing a metric between two
fuzzy vectors, we prove that the system has unique solution if ||4]|ec <1. We also give the convergence and the error
estimation for using simple iteration to obtain the solution. Finally, we give the convergence and the error estimation of
successive iteration sequence for obtaining the solution. (©) 2001 Elsevier Science B.V. All rights reserved.
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Throughout this paper, the notation R” denotes n-dimensional Euclidean space and the notation R**”" denotes
the set of all n x n real matrices. The norm in the space R” or R"*" is regarded as || e ||, that is

[¥lloo = Max |xi| for x=(xi,x2...,%,)" €R"
<i<n

and
n
HAHoo: Il\</[?<xn Z|dij| fOI‘A:(aij)aneRan'
<i< =

Let a=(ay,ay,...,a,)" and b= (by,b,,...,b,)". Define a<b if and only if a;<b; for j=1,2,...,n. We
denote

[a,b]=([a1,b1), ..., [an b)) if a<b
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and
I"(R)={[a,b]|a<b, acR", beR"}.
The addition, scale-multiplication and matrix-multiplication are defined as follows:
[ta,th], =0,
[a,b] + [u,v]=[a + u,b + v], [ta,tb] =
[th,ta], t<O,

T

Tla,b]l= | Y tylapbl-., > tylapbl |
j=1 Jj=1

where [a,b] € I"(R), [u,v]€I"(R), tER, T =(t;) €R"™". A metric, d, in the space I"(R) is defined as
d([a,b], [u,v]) =Max(||a — u|co, |6 — ¥]|co)

for [a,b] € I"(R) and [u,v] € I"(R). Obviously, the above three operations within /”(R) are closed respectively,
and /"(R) is a complete metric space with the metric d.
The o-cut of a fuzzy set X in R" is denoted by L,(X) i.e.

L(X)={t|teR", X(t)=a}, a>0.
Let
F"(R)={X|X is a fuzzy set in R", L,(X)€I"(R) and L|(X)#0}.

It is clear, F'(R), denoted by F(R) in short, is the set of all closed and convex fuzzy numbers. According
to properties and representation theorems of closed and convex fuzzy numbers, we can easily obtain the
following two lemmas.

Lemma 1. Let X € F"(R). Then, X = (x1,x2,...,%,)" and Ly(X)=(Ly(x1),Ly(x2),...,Ly(x,))T, a>0, where
x; €F(R) (j=1,2,....n).

Lemma 2. Let X,Y €F"(R), 0>0, a€R. Then Ly(X +Y)=Ly(X)+ L,(Y), L,(aX) = aL,(X).

Let AX = (Z}Ll apXj,..., Z;’Zl anx;)' for A=(a;;) €R™", X = (x1,%2,...,%,)" € F"(R) where the addition
and the multiplication are defined by Zadeh’s extension principle. It is easy to see AX € F"(R). By Lemmas
1 and 2, we have

Ly(AX)=AL,(X) for X € F"(R) and A€ R"™".
Let
Ly(X) = [Ly, (X), Ly (X)] = ([L; (1), Ly ()]s Ly (n), Ly ()]s

where L,(X) e I"(R), L; (X)E€R", L} (X)€R", L; (X)<L}(X)and L, (x;)€R, L} (X)€R, L; (x;)<L}(x)).
Define a mapping p: F"(R) X F"(R) — R as follows:

PX.Y) = Sup d(Ly(X),Lo(Y)) = Sup Max (|L, (x) — L, (3)
o> a>0 SIS

LT G = Ly ).

We have

Lemma 3. F"(R) is a complete metric space with the metric p.
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Proof. According to Lemma 1, we obtain F"(R)=F(R) X F(R) X --- x F(R). (F(R),d) is a complete metric
space with the metric d (see [7]), where

d(x,y)= Sulg(!LcT(X) =Ly 0| [L5 ) = L ()]

>

for x € F(R) and y € F(R). Moreover,

Ly (xp) = Ly ()]

Ly () = Ly ()]) = Max d(x;. y,)

>

p(X,Y) = Sup Max (|L; (x;) — Ly (;)
>0 J

>

= Max Sup(’La_(xj) =L, (y))
J o a>0

for X =(x1,%2,...,%,)7 € F'(R) and Y = (y1,¥2,...,n)' € F"(R). Hence, (F"(R),p) is a complete metric
space. [

Lemma 4. p(AX,AY)<||4||cop(X,Y) for X,Y € F*(R), A€ R
Proof. According to the operation principle within /”(R), Lemmas 1 and 2, for each >0, we have

Ly(AX) = AL,(X) = A[L; (X), L (X)] = A([Ly (1) LY ()]s [Lg (o) L3 ()]

J=1
T

=

n

T
(Z alj[L;(xj%L;(xj)]a ceey Z anj[La_(xj)9L;_(xj)]
j=1

n n
ays1 (), Y aysi ) | oeeos | D ansaCe), Y ansiG)| |
1 j=1 j=1

=1 J=
where
L;(x])’ aij =0,
i)=9
Lac (Xj'), aij <O
and

s =Ly (x))+Li(x;) —si(x;), j=1,2,...,n5 i=1,2,...,n.

Replacing X and x; (j=1,2,...,n) by Y and y; (j=1,2,...,n) in the above equalities, we can obtain a
similar result. Therefore,

n

d(Ly(4X), L,(AY)) = Max| Max z;alj(si(x;)—si(yj)) » Max z;alj(S?(x;)—S?(yj))
J= J=

= Max| > lay| | Max (|L; () = L, (7] |Li () = L (7))
Jj=1 o

= [[Allocd(La(X), Lo(Y)) < |4l Sulg d(Loy(Y), Ly (Y))

>

= [[Allccp(X. Y)
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which implies that
PAX,AY )= Sup d(Ly(AX ), L(AY ) < |l 4]|cp(X. V).

>0

The proof is completed. [

Lemma 5. p(X +Z,Y + Z2)=p(X,Y) for X,Y,Z € F"(R).

Proof.
X +Z,Y+Z)=Sup d(L,(X +2),L(Y + Z2))
>0
=Sup d(Lo(X) + Lu(Z),Lo(Y) + Lo(Z))
>0

=Sup d([L, (X) + L, (Z),L;(X) + L, ()L [Ly (Y) + L, (Z), L, (Y) + Ly (Z)])
>0
= Sulg max([|L; (X) = Ly (¥)][oos [IL5 (X) = L3 (¥)]|o0)

=Sup d(L(X),L(Y))=p(X,Y). [

>0

In the following, we discuss the solution of a system of fuzzy linear equations X =AX + U. The solution
can be regarded as the fixed-point of a linear mapping: X — gX =AX + U, where 4 € R"*" and U € F"(R)
are known.

Theorem 1. The mapping g has unique fixed-point within F"(R) if ||4]|co <1.

Proof. By Lemmas 4 and 5, we know p(gX,gY)<||4|lcop(X,Y) holds well for X,Y € F"(R). Hence, the
mapping ¢g is a compressed mapping with respect to the metric p. Lemma 3 shows that (F"(R),p) is a
complete metric space, therefore, there uniquely exists a point X* € F"(R) such that gX* =AX* + U =X",
which completes the proof. [

Now, we discuss iteration algorithms for obtaining the fixed-point. The sequence {X®), k >0} is called the
simple iteration sequence of the mapping g, where

n
k) _(k k k—1 .
X(k):(x(l ),xg ),...,x,(qk)), x,(~ )= Za,-jx; )4 u, (i=12,...,n).
j=1
k=1,2,... and X© :(xgo),xgo),...,x,so)) is known, initial point. The following Theorem 2 gives us the con-
vergence and error estimation of the simple iteration sequence.
Theorem 2. The simple iteration sequence of the mapping g, {X®, k>0} satisfies

k
’ 1 — |l 4]ls ’

if |A|lco <1, where X* is the fixed-point of the mapping g.
Proof. By Theorem 1, there uniquely exists X*, the fixed-point of the mapping g. From XU*D =AX" 4
U, XD =4X%1 4+ U, Lemmas 4 and 5 we have

p(X D, XD < [ cop(X D, X 1)
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which implies
pX DX <A pX D, X,
Similarly,
PP, X< AllSp(xX @, X).
Hence,
p(XP XY 50 (k—o0).
Using triangular inequality, we obtain
(XED x4 px Dy
(XED Y0y 4 px D) yk2)y 4 px+2) )

k+p
<< ZP(X(i)sX(i+l)) + p(X(kerH),X*),
i=k

p(X®,x)

<p
<p

A\

Letting p — oo in the above inequalities, we have

[Z1

Mo oxh x)
1 —[|4]|o

pX B XY T px DX <Y Al pr D, X)) =
i=k i=k

which is just our desired result. [

In the following, we take the convention that E?:] b;=0.
The sequence {X®), k>0} is called the successive iteration sequence of the mapping g, where

k) _(k
X(l‘)z(x(l ),xg ),...,x,(qk))
i—1 n
=+ Y e (=120m)
j=1 J=i
k=1,2,... and X© :(xgo),xgo),...,x,(lo)) is known, initial point. The following Theorem 3 gives us the con-
vergence and error estimation of the successive iteration sequence.
Theorem 3. The successive iteration sequence of the mapping g, {X®, k>0}, satisfies p(X©,X*)<
wWp(X O, x*) and p(X®O, X*)<(pk /(1 — 1)p(X D, X ) if ||| <1 and each element of the matrix A is

non-negative. Here X* is the fixed-point of the mapping g and ,u:Maxi(Z;’:ia,-j/(l — E;: ai;))
<Al <1.

Proof. Let [, = Zi;} aij, V=Y a

J J=i
0 0 0 0 air  anp a3z - dn
asy 0 0 0 0 an a3 - axy
A= | a3 asp 0 0 + 0 0 asz s as, | =B+ C.

At Gp @y -0 0 0 0 0  am
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Then, /; +v; < max;(/; + v;) = |4 s < 1. Notice (v;/(1 —1;))<l;+v; (i=1,2,...,n), pu=Max; v;/(1 — ;) and
|[4]|oo = max; |I; + v;|, hence, u<||4|looc <1. By Theorem 1, there uniquely exists a fixed-point X* € F"(R)
such that AX™* + U =X"*, so BX* + CX* + U =X". As the successive iteration sequence can be denoted by

BX® + cx* D 4 Uu=x®, k=12,...
the following equalities hold well for each a>0:

L X* =Ly(BX* + CX* + U)=BL,(X*) + CL(X*) + L,(U),

LX® =L,BX® + cx*V 4+ U)=BL,(X®) + CL,(X* V) + L, (V).
Notice B and C are all non-negative matrices, we have

[L, (X™), Ly (X™)]
=[BL, (X"), BLy (X™)] +[CL, (X™),CL; (X™)] + [L, (U), Ly (U)]

and

[, (X)L (x* ]

=[BL, (X", BL{ (X)) + [CL; (x*=1), cLF(xX* =) + [L, (U), LI (U)].

Moreover,
Ly (X") — L; (x®)
— B(L;(X*) — L7 (X®))) + C(L; (X*) — L7 (X*=Dy)
and
L0 = L (x®)
= B(LI(X*) — LI(X®Y)) + C(LF (X*) — LI (x* D)),
Put
max IL; (")) — L (x| = |L;(x§:‘)) — LI,
max |25 () — L ()] = |5 () = L6,

Then

Ly () — Ly (x))|

io

ip—1 n
= > @iy ) = L) + D ai(Ly (V) = L ()
J=1 J=io

_ k — % — k— — %
<l Max| Ly (5) = L ()] + o Max| L () = L ()
<Ipp(X®,X*) + 0, p(XED, X,

Similarly

L () — L ()| < 1y p(X 0, X*) 4 v, p(X D, X).

i

(1)

(2)
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From (1) and (2) we obtain

Max(|L; (")) = Ly 6L L (") = LT G
<Max(|L; (xj))) = Ly ()L L5 (f7) = L (D)
<L p(X®,X*) 4+ 0, p(X*DX*) (j=0or ).
Taking “Sup” in the above inequalities for a>0, we further obtain

p(X O, XY <1 p(X D, X*) + v, p(XE=D, X,

Therefore,
Ui/ — * — *
p(X“‘),X*Kﬁp(X(k DX <up(x D x)
i
implies
PX 9, X*) < p(X @, X ).
Replacing X* by X®*~1 in the above process, we have a similar result
p(X O XED) <k px ™, x 0.
Using triangular inequality, we know that the following inequality:

k+p
p(X B X)) " p(x D, XD 4 p(x e x+)
i=k

holds well. Using inequality (4) and letting p — oo in the inequality (5), we obtain

0 k
XX <3 i DX ) = Epx D, X0,
i=k I

which completes the proof. [

Example. Consider the following system of fuzzy linear equations:

(n) =02 o5) () ()

where
t—4, 4<t < 5, f— 10\ 2
Uity =14 (2 - 108 s5<e<l0, Us(t) = exp [— ( ) ] ,
0 otherwise, g

127

3)

(4)

(5)

(6)

Numerical solutions of x; and x, can be obtained by using successive iteration algorithm, where the initial x;
and x; are taken to be 0, the iteration times is k = 26, u = 0.6125, p(x(",x(®) = 20, and pu/(1—p)p(x",x0) =
0.00015. According to these numerical solutions, the figures of membership functions of x; and x, are drawn

as Figs. 1 and 2.
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xl{t) XZ(t)
1 1
0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
-~ t value t value
7.5 10 12.5 15 17.5 20 22.5 25§ 10 20 30 40 50
Fig. 1. Membership function x;(¢). Fig. 2. Membership function x,(¢).
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