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Abstract

This correspondence proposes an approach to learning weights of weighted fuzzy if—then rules. According to a given T-S norm-based
reasoning mechanism, this approach first maps a set of weighted fuzzy if-then rules into a feed-forward T-S norm network in which
connection weights are just the weights of weighted fuzzy if-then rules, and then trains the T-S norm neural network by a derived
gradient descent algorithm. Numerical experiments show that the proposed approach is feasible and quite effective. The main
contribution of this correspondence is that the mapping relationship between a set of weighted fuzzy if-then rules and a T-S norm neural
network is discovered so that the difficult problem of weight acquisition in weighted fuzzy if-then rules can be converted into the training
of a T-S norm neural network. A comparison between our T-S norm neural network system and a similar model (NEFCLASS) is made.

© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Fuzzy if-then rules are the essential way to uncertain
knowledge representation. Fuzzy if-then rules can be
extracted from data via many existing inductive learning
techniques such as fuzzy decision tree [12,16], genetic
algorithm [17], artificial neural network [9,8] and rough set
techniques [10], and they also can be presented by
knowledge engineers. Usually initially extracted fuzzy
if-then rules not have a satisfying testing accuracy, and,
therefore, they need to be further refined. The main merit
of fuzzy if-then rules is their concise representation form
and comprehensibility, while the main defect is the poor
reasoning accuracy. To overcome this defect and keep the
merits simultaneously, the concepts of local weight [4,15,1]
and global weight [14] have been incorporated into the
fuzzy if-then rules, called weighted fuzzy if-then rules.
However, the determination of these weights is quite
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difficult since the weights are usually related to domain
knowledge.

On the other hand, the artificial neural networks
adopting numerical computations with fault-tolerance,
massively parallel computing and trainable property are
shown to be able to ease the knowledge acquisition
problems [18]. The combinations of fuzzy logic and neural
networks capture the advantages of these two fields. There
are already lots of papers which have been published
concerning the integration of fuzzy systems and fuzzy
neural networks (e.g. [9,8,4,1,6,3]), while most of these
researches have been proposed for the extracting of fuzzy
rules, the revising of the membership functions of the
linguistic values of input and output linguistic variables or
the reduction and combination of the initial fuzzy rules.
For example, NEFCLASS [8] presents a neuro-fuzzy
system for the classification of data, which is based on a
generic model of a fuzzy perceptron and uses a supervised
learning algorithm based on fuzzy error back-propagation.

This correspondence proposes an approach to learning
weights of weighted fuzzy if-then rules by discovering the
mapping relationship between a set of weighted fuzzy
if—then rules and a T-S norm neural network. According to
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a given T-S norm-based reasoning mechanism, this
approach first maps a set of weighted fuzzy if-then rules
into a feed-forward T-S norm network, which has three
layers (linguistic term layer, rule layer and classification
layer) with the connection weights exactly being the
weights included in the weighted fuzzy if-then rules, and
each node in rule layer is T-norm neuron while each
classification layer node is S-norm neuron node, then trains
the T-S norm neural network by deriving an improved
gradient descent algorithm. Furthermore, the major
difference between NEFCLASS [8] and our proposed one
is that our approach is to tune the weights in fuzzy rules
while NEFCLASS is to adjust membership of fuzzy sets in
rule antecedents. We have made a detailed comparison
between NEFCLASS model and T-S norm neural network
in Section 6. Numerical experiments show that the
proposed approach is feasible and quite effective.

Definition 1. A conjunctive weighted fuzzy if-then rule has
the following form:

R:1IF (Vy is Aj[Lwi]) AND---AND (V, is A[Lw,])

THEN U is B, [Gw], (1)
where V4, V,,...,V, and U are attributes (features),
Ay, As,..., A, and B are attribute values represented by

fuzzy sets, Lw; (1<i<n) denotes the local weight of
proposition (V;is A;), Gw denotes the global weight of
the rule R, both local weights and global weights are
supposed to belong to [0,1]. The local weights are to
indicate the relative degree of importance of propositions
in antecedents contributing to its consequent, and the
global weights are to show the relative degree of
importance of a rule within a rule group.

LetF: (V) is A}),...,(V, is 4}) be a given fact, then we
have the following reasoning form

R:IF (V, is Ay [Lwi]) AND---AND (V, is 4, [Lw,])
THEN U is B, [Gw],
Given fact F: (V) is A7),...,(V,is 4}),

Conclusion : U is B*, )

where B* is the reasoning conclusion which refers to
the classification in this correspondence. Let G = {R;,
R;,...,R,} be a set of weighted fuzzy if-then rules. Each
one has the following form:

Ri:1F (Vy is AV [Lw!"]) AND - .- AND (¥, is AP [Lw?))
THEN U is B?, [Gwj],

where n is the number of attributes. (We make the
appointment that if V; does not appear in the above rule
then we have to delete the term (V; = A(’)[Lw(’)]) from the
rule.) In this paper, a given fact F is represented in the form
(47,45,...,4)), where Aj (j=1,2,...,n) not only can be
fuzzy sets such as ‘high’, ‘media’, ‘small’, etc., but also can
be continuous real numbers. Suppose there are totally K
classes denoted by Ci,C»,...,Ck, and the result of
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matching F against the rule set G is {p;,p,,...,px} where
p, denotes the membership degree with which F belongs to
class C;. To introduce an fuzzy reasoning algorithm based
on T-S norm, we first recall the definition of T-S norm:

Definition 2. A T norm refers to a mapping 7 : [0, 1]* —

[0, 1] with the properties:

(T1) T(a,1) =a;

(T2) a<b = T(a,c)<T(b,c);

(T3) T(a,b) = T(b,a) and

(T4) T(a,T(b,c)) = T(T(a,b),c).

An S norm is a mapping S:[0,1] — [0,1] with the
properties:

(S1) S(a,0) = a;

(S2) a<b = S(a,c)<S(b,c);
(S3) S(a,b) = S(b,a) and

(S4) S(a, S(b,c)) = S(S(a,b),c).

For T-S norm representation, according to (T4) and
(S4), we make the following appointments:

T,_(ap)xT(ar, Ty_x(ap)),  S,Li(@p)%S(ar, Sply(ap)).  (3)

There have been many forms to represent the T norm
and S norm. Here we list commonly used three. More
details about the T-S norm can be found in Ref. [7]:

(1) Tminla,b] =
2) Tpombila, b] =

) 1 _ 1
Spombild, b] - 1+\17(a/(1—a))”+(b/(1—b))p’
(3) Talgebraic = ab, Salgebraic =a+b—2ab.

min{a, b}, Smax[a b] = max{a, b};

1+J(<1 a)/a)"+((1 —b)/by”’ p>0:

It is worth noting that [7]

(Tpombi> Spombi) = (T'min> Smax) When p — 0 and

(TDombis SDombi) - (TalgebraiCs Salgebraic) when p— 1.

One can see that the cases (1) and (3) can be regarded as
the special case of (2). Due to the use of parameter p in (2),
there is much flexibility for the reasoning based on T-S
norm. It means that the reasoning based on T-S norm can
be regarded as a general form of approximate reasoning for
classification.

2. T-S norm-based reasoning algorithm A

Input F—an observed fact, G—a set of weighted fuzzy
if-then rules. Output: classification vector {p,,p,,...,Px}
Using the symbols in Definition 1, for a given T norm and
S norm (T, S), the reasoning algorithm is described as follows:

For each R; , do

Step 1: Computing the similarity between A(’) and A*
denoted by SM(’), in two cases. (1) Aisa number and Bis a
fuzzy set. In this case, the similarity degree is considered as
the membership of A-belonging-to-B. (2) A and B are two
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fuzzy sets. In this case, the similarity is
SMY = (1 +DM)™, (4)

where DM is a distance function, e.g., Euclidean distance.
Step 2: Computing the overall similarity SM? by

SMO = T (Lw - sMP). (5)
| <j<n
Step 3: Computing the classification vector
{plap2s DRI ’pK} by

S {GwrkSMY|BY = Cy)

1<i<m

Di = (k=1,2,...,K). (6)
When a crisp class is required, the class corresponding to
the maximum p, will be selected.

3. Mapping a set of fuzzy if—then rules to a T-S norm neural
network

A set of fuzzy if-then rules can be mapped into a T-S
norm network according to a given T-S norm-based
reasoning mechanism (specified in algorithm A). Fig. 2
shows such a network, which has three layers (linguistic
term layer, rule layer and classification layer) with the
connection weights exactly being the weights included in
the weighted fuzzy if-then rules. And the activation
function of the nodes in rule layer is T norm while that
of the nodes in classification layer is the S norm. Let
Ly, Ly, L, denote the number of nodes in the linguistic term
layer, rule layer and classification layer, respectively. Then
we have

Linguistic term layer {\”}i = 1,2,..., Lo}, (7
Rule layer yjl) TL”I(LW,,y, ), j=1,2,...,Ly, (8)

Classification layer

7 =S (G, k=1,2,..., L, )

where y,w) denotes the output of the /th node of the wth
layer corresponding to the given sample, the inputs of
the network are a record of the training set, i.e., an
n-dimensional vector where »n is the feature number. It is
obvious that Ly = n. We compute the values of y§°’ via the
formulas in step 1 of algorithm A. Then the error function
can be expressed as

S

N
=Y En. (10)

where {yy,y,,...,y.,} is the expected output of the sample,
N denotes the number of samples.

4. Training the T-S norm neural network by an improved
gradient descent algorithm

We want to complete the training by minimizing the
above error function via the improved gradient descent
technique. In this paper, if T, and Sy.x were selected as
the activation functions, the partial derivatives of 7', and
Smax are defined as [2]

aSmax(aa b) _ l lf a>b’ aTmin(ay b) _ 1 lf agbs
Oa “)a ifa<b Oa b ifa>b.

(11)

The formulas for adjusting the weights are the following:

. OF
if Lwj; — o—2>1

Lwj <1 3L,y

Lwj < Lwj; — aaaL_mzj if Lwj; — océaLim’;/>0 , (12)
Lw; <0 if Lwj — oc%<0

Gwj, <1 if Gwy — [3%21

Gwjx < Gwy — ﬂaGﬁ;{ if Gwy — ﬁazz;EM;k>O , (13)
Gwjx <0 if Gwy — ﬁaaGEv:ﬂ(<O

where o and f§ are the learning rates for local weights and
global weights, respectively, and the adjustment magni-
tudes in Eqgs. (12), (13) are derived as follows:

aEn
2Gns o - k>y“’ (Gw,k S (G ), (14)
OE, 0 1§: r — 27
= — —_ k_
OLwy  O0Lwy \24 k
& 0 2
= > 0w — v By), (15)
k=1
where
0
A = 5, S, S (G 1), (16)
0 ©) L 0)
B,]«_ T((Lw,/ Vi )T,,_‘)I(Lw @V ) 17

In our experiment, the Tpompi and Spompi have been
selected as the activation functions:

0

1@ > Togm(a.b)

B (((1 —a)/ay + (1 = b)/by)! PP — ay!
A+ (1 = a)/ay + (1 = b)/by) Py art!

>

(18)
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o S(a,b) 2 e SDombi(, b)
da Oa

@/ =) + (/1 = b)) P!
T U+ @/ —a)f + G/ = by —ay
(19

The detailed process of the improved gradient descent
algorithm is as follows:

Step 1: Create a T-S norm neural network according to a
set of initially fuzzy if-then rules, and uniformly distrib-
uted random numbers are drawn from [0,1] to initialize all
network connection weights.

Step 2: Until the termination condition is met, Do

For each object in training set, Do

Propagate the input forward through the network:

(1) Input the object to the network and compute the
output ygf) (i=0,1,2) of every unit u in the network.
Propagate the errors backward through the network:

(2) For each network output unit k, calculate 0E,/0Gwj
according to (14), (19).

(3) For each hidden unit j, calculate 0E, /OLw; according
to (15)—(18).

(4) Update the value of Lw; ,Gwj according to (12), (13).

During the iteration, we select such a restriction that the
weight is regarded as 1 (or 0) if the weight is bigger than 1
(or less than 0) to ensure the weight values being in the
interval [0,1]. We have conducted a lot of experiments with
respect to the restriction. The experimental results show, to
some extent, that the restriction affects the convergence.
We leave it as a further investigated issue.

5. Experimental demonstration

Many experiments have been conducted for this
demonstration. Here we report five cases. These databases
are selected from UCI machine learning repository [11] to
demonstrate our proposed approach to weight refinement
(Table 1). For each database, 50% examples are randomly
selected for training and the remaining 50% for testing.

The experimental results are shown in Table 2 from
which one can clearly see that there is a significant
improvement for the learning rate, particularly for the
testing accuracy. In our experiments, the parameter p is set
to be 2. Experiments show that the reasoning result is not

Table 1
Survey of the selected databases

Database No. of examples No. of attributes No. of classes
Bupa 345 6 2
Pima 768 8 2
Haberman 306 3 2
Glass 814 9 7
Sonar 208 60 2

Table 2
Training and testing accuracy before and after refinement for the selected
five databases

Database Original results Final results
name
Training Testing Training Testing
accuracy accuracy accuracy accuracy
Bupa 0.65 0.61 0.73 0.73
Pima 0.74 0.72 0.80 0.81
Haberman  0.75 0.75 0.83 0.82
Glass 0.69 0.64 0.79 0.76
Sonar 0.83 0.76 0.89 0.88
0.85 1
-, 08¢ E
8
s 075} .
Q
g 07}t B
8 065 | .
y
C
s 06 } 4
F o055t .
0.5 f ¢ Train Accuracy | -
Test Accuracy
045 E
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Fig. 1. The train/test accuracy of Sonar with the change of p.

sensitive to the parameter p. An illustration can be found in
Fig. 1.

One may argue that the learning accuracy improvement
of fuzzy if-then rules can be achieved via many existing
techniques such as adjusting the learning parameters in the
fuzzy decision tree induction, why this method is preferred?
The main reason is that the current approach does not
increase the number of initial rules but only adjusts the
weight parameters, which has less chance to lead to over-
fitting. We select an optimized decision tree approach [13],
which is to first generate the same initialized fuzzy rules (as
used in this paper) and then optimize the tree structure for
the fuzzy rule improvement, to be compared with the
proposed method. The comparison is listed in Table 3.

Furthermore, in order to show the feasibility of the T-S
norm network (Fig. 2), we quote 4 fuzzy if-then rules
extracted in [5] corresponding to the IRIS data. These
rules will be regarded as 4 initial weighted fuzzy if-then
rules (with local weights 1 and global weights 1) and are
shown as follows:

Ry: IF (PLis SM[Lw;]) and (PW is SM[Lw;]) THEN
Setosa [Gwy],
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Table 3
Comparison between optimized decision tree (ODT) approach and T-S
norm network

Bupa Pima Haberman Glass Sonar

ODT approach Train accuracy 0.75 0.79 0.80 0.81 0.85
Test accuracy 0.73 0.76 0.78 0.75 0.82
T-S norm network Train accuracy 0.73 0.80 0.83 0.79 0.89
Test accuracy 0.73 0.81 0.82 0.76  0.88

input (i=1,2,..., L) output (k=1,2,..., L,)

hide (j=1,2,..., L)

© T-norms Neural cell S-norms Neural cell

Fig. 2. A T-S norm neural network.

Ry: IF (PL is MED[Lw;]) and (PW is MED[Lw,]) THEN
Versicolour [Gws],

R;: IF (PL is LRG[Lws]) and (PW is LRG[Lwg]) and
(SL is MED[Lw7]) THEN Virginica [Gws],

R4 TF (PL is LRG[Lwg]) and (PW is LRG[Lwy]) and
(SW is MED[Lwo])THEN Virginica [Gwy].

Using the initial rules to test 150 examples of Iris data
according to T-S norm-based fuzzy reasoning, the classi-
fication accuracy is 82%. Then refine the 4 fuzzy rules via
the proposed method, i.e., adjust the values of local weights
and global weights. The refined fuzzy if-then rules have
been followed.

Ri: IF (PLis SM[0.81]) and (PW is SM[0.99]) THEN
Setosa [0.68],

R;: IF (PL is MEDI[1.0]) and (PW is MED[0.92]) THEN
Versicolour [0.32],

R;: IF (PLis LRG[1.0]) and (PW is LRGJ[0.69]) and
(SL is MEDJ0.68]) THEN Virginica [0.82],

R;: IF (PL is LRGJ[0.38]) and (PW is LRGJ[0.95]) and
(SW is MED[0.76]) THEN Virginica [1.0].

Let R{—R} to test the same 150 examples of Iris data, the
error ratio is 11.4%, that is to say, the classification
accuracy has been improved by 6.6%.

6. A comparison between NEFCLASS model and our T-S
norm neural network system

A NEFCLASS model was proposed ([8]) to learn fuzzy
rules via adjusting fuzzy member functions. The following
is a minute comparison between NEFCLASS model and
our system (Table 4).

Similarities: Both NEFCLASS model and our proposed
T-S norm neural network are a three-layer fuzzy percep-
tron network with the similar specifications:

U, ={xi1,...,x,} input layer,

U, ={Ry,...,R;} rule layer,

Us ={cy,...,c,) output layer.

Both the two methods define for each rule unit u € U, a
propagation function NET, to calculate the net input
net, = Tyey {WW,u)(o,)} where T is a t norm, W(u/',u) is
the connection weight from input unit #' to rule unit u. In
addition, both methods complete the learning procedure by
adjusting some parameters of the fuzzy production rules.

Difference: (1) Net architecture: The connection weights
of NEFCLASS are fuzzy sets while the connection weights
of our proposed network are real numbers.

(2) Objectives: The NEFCLASS model aims to learn
fuzzy rules like:

if x11s u; and x; is u, and...and x, is u,

then the pattern (xi, x2,. .., X,) belongs to class i,

where w,,...,p, are fuzzy sets, each y; is tunable. The
learning process is to tune those w; (j = 1,...,n) (i.e., their
three parameters). While our T-S norm network system is
to learn the weights of weighted fuzzy production rules
like Eq. (1), in which local weights and global weights
are attached and the fuzzy sets 4; (j=1,...,n) are
nonadjustable. The learning process is to adjust the local

Table 4
Comparison of the network architecture between NEFCLASS model and
T-S norm neural network

Network NEFCLASS T-S norm neural network
architecture
Connection Each connection between Lwy; is the connection

weights from units x; € Uy and R, € U, weight between the ith
input units to rule is a fuzzy set 'uj(,")’ labelled input unit and jth rule

units with a linguistic term A, l.mit, which ‘is exactly tbe
These may be terms liké zthllocal weight of the j‘th
small, medium, large, etc. weighted fuzzyvproductlon
? ’ > rule, and Lwy is a scalar
Connection W(R,c) € {0,1} for all Gwj is the connection

weights from rule R e U,, ¢ € Us weight between the jth rule

units to output unit and kth output unit,

units which equals the global
weight of the jth weighted
fuzzy production rule and
Gwj is a scalar
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weights and global weights rather than those fuzzy sets
Aj (]: 1,...,]1).

(3) Network input. The input of NEFCLASS is the
continuous-valued number while the input of our system is
the similarity degrees of attribute values matching fuzzy
rules.

(4) Learning algorithm of the network: In our T-S norm
neural network system, the propagation functions, i.c., the
T norm and S norm, are nondifferentiable, so we define a
type of derivative of T norm and S norm, respectively, and
then determine a gradient descent-based fuzzy error back-
propagation algorithm to train the network. During the
training, both the weights from input units to rule units
(local weights) and the weights from rule units to output
units (global weights) are adjusted. While in NEFCLASS
model, a fuzzy error back-propagation algorithm, which is
not based on the gradient descent technology, is used to
train the NEFCLASS model, and only the weights (fuzzy
sets) between the input units and rule units are changed. It
is realized by adjusting the incorporated three parameters
in the triangular membership functions. The connection
weights from rule units to output units remain 1 through-
out the learning process.

(5) Experimental evaluation on IRIS data set: The
NEFCLASS model had been used to obtain rules and
fuzzy sets from IRIS data set [8], and the network, with 4
input, 3 hidden and 3 output units, was able to learn the
training set completely and it classified 5 of the 75 test
patterns incorrectly, i.e., the classification rate on the test
set was 93%. To compare the two methods, we also use our
T-S norm neural network system to refine the extracted
fuzzy rules from IRIS data set. Firstly, 5 initial fuzzy rules,
with all weights equal 1.0, are extracted via the fuzzy
decision tree methodology [16], and the training rate is
91% while the testing rate is 87%. Secondly, we use the
proposed T-S norm network system to learn the local
weights and global weights. After the refinement, these
weighted fuzzy production rules classify only 2 training and
6 testing patterns incorrectly, i.e., the testing accuracy
is 92%.

7. Conclusion and future work

This correspondence proposes an approach to learning
weights of weighted fuzzy if-then rules by training a T-S
norm neural network. The approach combines both the
merit of simple representation and comprehensibility of
fuzzy if-then rules and the merit of enhancement of neural
network learning capability. The mapping relationship
between a set of weighted fuzzy if-then rules and a T-S
norm neural network is discovered in this correspondence,
and, therefore, the difficult problem of weight acquisition
in weighted fuzzy if-then rules can be converted into the
training of T-S norm neural networks. An improved
gradient descent algorithm is derived to train the neural
network. Experiments show that, under the condition that
the number of rules is not increasing, the learning/testing

accuracy of a set of fuzzy if-then rules can be improved
significantly after the weight refinement.

The further research work will focus on the following
three points. (1) Improve the training algorithm with
respect to the restriction that weights belong to [0,1],
including the time complexity and the over-fitting phenom-
enon. (2) Study whether the reasoning is strongly
dependent on the change of T-S norms (since there are
many different T-S norms) and further study the T-S norm
sensitivity to its parameters.
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