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Abstract—This paper introduces a new type-2 intuitionistic ex-
ponential triangular fuzzy number. Basic generalized exponential
triangular intuitionistic fuzzy numbers are formulated by (α, β)-
cuts. Some of properties and theorems of this type of fuzzy
number with graphical representations have been studied and
some examples are given to show the effectiveness of the proposed
method. Also, the ranking function of the generalized exponential
triangular intuitionistic fuzzy number is computed. This ranking
method is based on the centroid concept and Euclidean distance.
Based on the ranking method, we develop an approach to solving
an intuitionistic fuzzy assignment problem where cost is not
deterministic numbers but imprecise ones. Then, we solve an
intuitionistic fuzzy transportation problem where transportation
cost, source, and demand were generalized type-2 intuitionistic
fuzzy numbers by the ranking method for Euclidean distance.
Intuitionistic fuzzy set theory has been used for analyzing the
fuzzy system reliability. We have taken the intuitionistic fuzzy
failure to start of an automobile as known basic fault events such
as Ignition failure, Battery internal shortage, Spark plug failure
and fuel pump failure using Type-2 Intuitionistic Exponential
Triangular Fuzzy Number. Our computational procedure is very
simple to implement for calculations in intuitionistic fuzzy failure.
The major advantage of using Intuitionistic fuzzy sets over fuzzy
sets is that intuitionistic fuzzy sets separate the positive and the
negative evidence for the membership of an element in a set.
Furthermore, the proposed technique can be suitably utilized to
solve the start of an automobile problem, because the result of
system failure in this method is significant. Finally, the proposed
method has been compared with other existing method through
numerical examples.

I. INTRODUCTION

Bellman and Zadeh [1] initially proposed the basic model

of fuzzy decision making based on the theory of fuzzy mathe-

matics. Centroid concept in ranking fuzzy number only started

in 1980 by Yager [12]. Yager was the first researcher who

contributed the centroid concept in the ranking method and

used the horizontal coordinate x as the ranking index. Cheng

[13] argued in certain cases, the value of x can also be an aid

index and y becomes the important index especially when the

values of x are equal or the left and right spread are the same

for all fuzzy numbers. Also, Rezvani [14] proposed ranking

generalized trapezoidal fuzzy numbers with Euclidean distance

by the incentre of centroids. The intuitionistic fuzzy set (IFS)

is an extension of fuzzy set. IFS was first introduced by

Atanassov[2]. Fuzzy sets are characterized by the membership

function only, but IFS is characterized by a membership

function and a non-membership function so that the sum

of both values is less than one [3]. For the comparison

of fuzzy numbers, there are many different methods [4]-

[8]. The ranking of fuzzy numbers is important in fuzzy

multi attribute decision making (MADM). Recently, the IFN

receives little attention and different definitions of IFNs have

been proposed as well as the corresponding ranking methods

of IFNs. Rezvani[9] proposed ranking approach based on

values and ambiguities of the membership degree and the non-

membership degree for trapezoidal intuitionistic fuzzy number.

Jana[11] developed a new deffinition on type-2 intuitionistic

fuzzy and transportation problem.

The concept of fault tree analysis (FTA) was developed in

1962 at Bell Telephone Laboratories. FTA is a logical and

diagrammatic method for evaluating system reliability. It is a

logical approach for systematically quantifying the possibility

of abnormal system event. For such systems, it is, therefore,

unrealistic to assume a crisp number (classical) for different

basic events. Suresh et al. [15] used a method based on α-cuts

to deal with FTA, treating the failure possibility as triangular

and trapezoidal fuzzy numbers. G. S. Mahapatra et al. [16]

proposed fuzzy fault tree analysis using intuitionistic fuzzy

numbers. Tyagi et al. [17] used fuzzy set to analysis fuzzy fault

tree. Mahapatra and Roy [18] presented triangular intuitionistic

fuzzy number and used it for reliability evaluation. Singer [19]

proposed a method using fuzzy numbers to represent the rela-

tive frequencies of the basic events. He used possibilistic AND

and OR operators to construct possible fault tree. Wang J. Q.

et al. [20] provided new operators on triangular intuitionistic

fuzzy numbers and their applications in system fault analysis.

Neeraj Lata [21] presented the fuzzy fault tree analysis using

intuitionistic fuzzy numbers.
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II. PRELIMINARIES

Definition 1. (Intuitionistic Triangular Fuzzy Number)

A ITFN ã = (〈a, a, ā〉;µã, νã) is a set on a real number set

R, whose membership function and non-membership function

are defined as follows:

µã(x) =















wã
x−a

a−a
a ≤ x ≤ a,

wã x = a,

wã
ā−x
ā−a

a ≤ x ≤ ā,

0 Otherwise.

(1)

νã(x) =















wã
a−x
a−a′

a′ ≤ x ≤ a,

wã x = a,

wã
x−a
ā′

−a
a ≤ x ≤ ā′,

1 Otherwise.

(2)

A ITFN ã is called GITFN , if the following hold:

(i) There exists x ∈ R, µã(x) = w, νã(x) = 0, 0 < w ≤ 1.

(ii) µã is continuous mapping from R to the closed interval

[0, w] and x ∈ R, the relation 0 ≤ µã(x) + νã(x) ≤ w holds.

Definition 2. (Interval-valued Triangular Fuzzy Number)

An interval-valued fuzzy set ã on R is given by ã =
{(x, [µãL(x), µãU (x)])}, ∀x ∈ R. where o ≤ µãL(x) ≤
µãU (x) ≤ 1 and µãL(x), µãU (x) ∈ [0, 1] and denoted by

µã(x) = [µãL(x), µãU (x)] or ã = [ãL, ãU ], x ∈ R.

The interval-valued fuzzy set ã indicates that, when the mem-

bership grade of X belongs to the interval [µãL(x), µãU (x)],
the largest grade is µãU (x) and the smallest grade is µãL(x).
Let

µã(x) =















wã
x−a

a−a
a ≤ x ≤ a,

wã x = a,

wã
ā−x
ā−a

a ≤ x ≤ ā,

0 Otherwise.

(3)

νã(x) =















wã
a−x
a−a′

a′ ≤ x ≤ a,

wã x = a,

wã
x−a
ā′

−a
a ≤ x ≤ ā′,

1 Otherwise.

(4)

Then ãL = (a, a, ā;λ), a < a < ā and

ãU = (a′, a, ā′; ρ), a′ < a < ā′.

Consider the case in which 0 < λ ≤ ρ ≤ 1 and a′ < a < a <

ā < ā′. So ã = [ãL, ãU ] = [(a, a, ā;λ), (a′, a, ā′; ρ)].

III. A NEW TYPE-2 INTUITIONISTIC EXPONENTIAL

TRIANGULAR FUZZY NUMBER

Definition 3. (Interval-valued Exponential Triangu-

lar Fuzzy Number) Let ã be exponential fuzzy number

ã = (a, b, c;w)E . Membership function of an interval-valued

exponential triangular fuzzy number is defined as follows:

µãL(x) =











λ e
−(

b1−x

b1−a1
)

a1 ≤ x ≤ b1,

λ e
−(

x−b1
c1−b1

)
b1 ≤ x ≤ c1,

0 Otherwise.

(5)

µãU (x) =











λ e
−(

b2−x

b2−a2
)

a2 ≤ x ≤ b2,

λ e
−(

x−b2
c2−b2

)
b2 ≤ x ≤ c2,

0 Otherwise.

(6)

Definition 4. (Intuitionistic Exponential Triangular Fuzzy

Number) A IETFN ã = (〈a, a, ā〉;µã, νã)E with member-

ship and non-membership functions is defined as follows:

µã(x) =



















w e
−( a−x

a−a
)

a ≤ x ≤ a,

w w = a,

w e−( x−a
ā−a

) a ≤ x ≤ ā,

0 Otherwise.

(7)

νã(x) =



















w e
−( x−a′

a−a′
)

a′ ≤ x ≤ a,

w w = a,

w e
−( ā′

−x

ā′
−a

)
a ≤ x ≤ ā′,

0 Otherwise.

(8)

Definition 5. (Type-2 Intuitionistic Exponential Trian-

gular Fuzzy Number) Let ã be a T2IETFN ã∗ =
[µãL(x), µãU (x), νãL(x), νãU (x)] in R and defined as

(a∗

1, b
∗

1, c
∗

1;w
∗)(a∗

2, b
∗

2, c
∗

2;w
∗) with a2 ≤ a1 ≤ b2 ≤ b1 ≤

c1 ≤ c2 has membership and non-membership function as

follows:

µã∗(x) =











w∗ e−( b∗−x
b∗−a∗ ) a∗ ≤ x ≤ b∗,

w∗ e−( x−b∗

c∗−b∗
) b∗ ≤ x ≤ c∗,

0 Otherwise.

(9)

νã∗(x) =











w∗ e
−( x−a′∗

b∗−a′∗
)

a′∗ ≤ x ≤ b∗,

w∗ e
−( c′∗−x

c′∗−b∗
)

b∗ ≤ x ≤ c′∗,

0 Otherwise.

(10)

Fig. 1. Type-2 intuitionistic exponential triangular fuzzy number

IV. THE BASIC CONCEPT OF THE T2IETFN

Definition 6. The α-cut set of ã∗ =
(a∗

1, b
∗

1, c
∗

1;w
∗)(a∗

2, b
∗

2, c
∗

2;w
∗) is a crisp subset of R,

which is defined as ã∗

α = {x : µã∗(x) ≥ α}. Using µã∗(x)
and definition of α-cut is found that ã∗

α is a closed interval,

denoted by:

(1) w∗ e−( b∗−x
b∗−a∗ ) = α ⇒

x − b∗

b∗ − a∗
= ln

α

w∗

⇒ x = b∗ + (ln
α

w∗
)(b∗ − a∗)
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(2) w∗ e−( x−b∗

c∗−b∗
) = α ⇒

b∗ − x

c∗ − b∗
= ln

α

w∗

⇒ x = b∗ − (ln
α

w∗
)(c∗ − b∗)

(1), (2) =⇒ ã∗

α = [Lα(ã∗), Rα(ã∗)]

= [b∗ + (ln
α

w∗
)(b∗ − a∗), b∗ − (ln

α

w∗
)(c∗ − b∗)] (11)

Definition 7. The β-cut set of ã∗ =
(a∗

1, b
∗

1, c
∗

1;w
∗)(a∗

2, b
∗

2, c
∗

2;w
∗) is a crisp subset of R,

which is defined as ã∗

β = {x : µã∗(x) ≤ β}. Using µã∗(x)
and definition of β-cut is found that ã∗

α is a closed interval,

denoted by:

(1) w∗ e
−( x−a′∗

b∗−a′∗
) = β ⇒

a′∗ − x

b∗ − a′∗
= ln

β

w∗

⇒ x = a′∗ − (ln
β

w∗
)(b∗ − a′∗)

(2) w∗ e
−( c′∗−x

c′∗−b∗
) = β ⇒

x − c′∗

c′∗ − b∗
= ln

β

w∗

⇒ x = c′∗ + (ln
β

w∗
)(c′∗ − b∗)

(1), (2) =⇒ ã∗

β = [Lβ(ã∗), Rβ(ã∗)]

= [a′∗ − (ln
β

w∗
)(b∗ − a′∗), c′∗ + (ln

β

w∗
)(c′∗ − b∗)] (12)

Definition 8. The (α, β)-cut T2IETFN is defined by ã∗

α,β =
{[Lα(ã∗), Rα(ã∗)], [Lβ(ã∗), Rβ(ã∗)]}, α + β ≤ w, α, β ∈
[0, 1]. Where















Lα(ã∗) = b∗ + (ln α
w∗

)(b∗ − a∗)
Rα(ã∗) = b∗ − (ln α

w∗
)(c∗ − b∗)

Lβ(ã∗) = a′∗ − (ln β
w∗

)(b∗ − a′∗)

Rβ(ã∗) = c′∗ + (ln β
w∗

)(c′∗ − b∗).

(13)

Theorem 1. If ã∗ = (a∗

1, b
∗

1, c
∗

1;w
∗

1)(a∗

2, b
∗

2, c
∗

2;w
∗

1) and

z̃∗ = (a∗

3, b
∗

3, c
∗

3;w
∗

2)(a∗

4, b
∗

4, c
∗

4;w
∗

2) are two T2IETFN ,

then ã∗ ⊕ z̃∗ = (a∗

1 + a∗

3, b
∗

1 + b∗3, c
∗

1 + c∗3;w
∗)(a∗

2 +
a∗

4, b
∗

2 + b∗4, c
∗

2 + c∗4;w
∗) is also a T2IETFN , where

0 < w ≤ 1, w∗ = min(w∗

1 , w∗

2).
Theorem 2. If ã∗ = (a∗

1, b
∗

1, c
∗

1;w
∗

1)(a∗

2, b
∗

2, c
∗

2;w
∗

1) and

z̃∗ = (a∗

3, b
∗

3, c
∗

3;w
∗

2)(a∗

4, b
∗

4, c
∗

4;w
∗

2) are two T2IETFN ,

then ã∗ ⊖ z̃∗ = (a∗

1 − c∗3, b
∗

1 − b∗3, c
∗

1 − a∗

3;w
∗)(a∗

2 −
c∗4, b

∗

2 − b∗4, c
∗

2 − a∗

4;w
∗) is also a T2IETFN , where

0 < w ≤ 1, w∗ = min(w∗

1 , w∗

2).
Theorem 3. If ã∗ = (a∗

1, b
∗

1, c
∗

1;w
∗)(a∗

2, b
∗

2, c
∗

2;w
∗) be a

T2IETFN , then Cã∗ is T2IETFN and if C > 0 then,

Cã∗ = (Ca∗

1, Cb∗1, Cc∗1;w
∗)(Ca∗

2, Cb∗2, Cc∗2;w
∗) and C < 0

then, Cã∗ = (Cc∗1, Cb∗1, Ca∗

1;w
∗)(Cc∗2, Cb∗2, Ca∗

2;w
∗).

Theorem 4. If ã∗ = (a∗

1, b
∗

1, c
∗

1;w
∗

1)(a∗

2, b
∗

2, c
∗

2;w
∗

1)
and z̃∗ = (a∗

3, b
∗

3, c
∗

3;w
∗

2)(a∗

4, b
∗

4, c
∗

4;w
∗

2) are two

T2IETFN , then the division of two T2IETFN ,
ã∗

z̃∗
= (

a∗

1

c∗3
,

b∗1
b∗3

,
c∗1
a∗

3
;w∗)(

a∗

2

c∗4
,

b∗2
b∗4

,
c∗2
a∗

4
;w∗) is also a T2IETFN ,

where 0 < w ≤ 1, w∗ = min(w∗

1 , w∗

2).
Theorem 5. If ã∗ = (a∗

1, b
∗

1, c
∗

1;w
∗

1)(a∗

2, b
∗

2, c
∗

2;w
∗

1) and

z̃∗ = (a∗

3, b
∗

3, c
∗

3;w
∗

2)(a∗

4, b
∗

4, c
∗

4;w
∗

2) are two T2IETFN ,

then the multiplication of two T2IETFN , ã∗ ⊗ z̃∗ =
(a∗

1a
∗

3, b
∗

1b
∗

3, c
∗

1c
∗

3;w
∗)(a∗

2a
∗

4, b
∗

2b
∗

4, c
∗

2c
∗

4;w
∗) is also a

T2IETFN , where 0 < w ≤ 1, w∗ = min(w∗

1 , w∗

2).

V. EXAMPLE OF BASIC CONCEPT

Example 1. If ã∗ =
[(2, 5, 8; 0.5)(1, 5, 9; 0.5), (0, 5, 10; 0.7)(−1, 5, 11; 0.7))] and

z̃∗ = [(−1, 2, 5; 0.5)(−2, 2, 6; 0.5), (−3, 2, 7; 0.7)(−4, 2, 8; 0.7))]
be two T2IETFN , then the addition of those two fuzzy

number is:

µL
ã∗(x) =















0.5e−( 5−x
5−2 ) 2 ≤ x ≤ 5,

0.5 x = 5,

0.5e−( x−5
8−5 ) 5 ≤ x ≤ 8,

0 Otherwise.

µU
ã∗(x) =















0.7e−( 5−x
5−0 ) 0 ≤ x ≤ 5,

0.7 x = 5,

0.7e−( x−5
10−5 ) 5 ≤ x ≤ 10,

0 Otherwise.

νL
ã∗(x) =















0.5e−( x−1
5−1 ) 1 ≤ x ≤ 5,

0.5 x = 5,

0.5e−( 9−x
9−5 ) 5 ≤ x ≤ 9,

0 Otherwise.

νU
ã∗(x) =















0.7e−( x+1
5+1 ) −1 ≤ x ≤ 5,

0.7 x = 5,

0.7e−( 11−x
11−5 ) 5 ≤ x ≤ 11,

0 Otherwise.

Fig. 2. T2IETFN of ã∗

µL
z̃∗(x) =















0.5e−( 2−x
2+1 ) −1 ≤ x ≤ 2,

0.5 x = 2,

0.5e−( x−2
5−2 ) 2 ≤ x ≤ 5,

0 Otherwise.

µU
z̃∗(x) =















0.7e−( 2−x
2+3 ) −3 ≤ x ≤ 2,

0.7 x = 2,

0.7e−( x−2
7−2 ) 2 ≤ x ≤ 7,

0 Otherwise.
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νL
z̃∗(x) =















0.5e−( x+2
2+2 ) −2 ≤ x ≤ 2,

0.5 x = 2,

0.5e−( 6−x
6−2 ) 2 ≤ x ≤ 6,

0 Otherwise.

νU
z̃∗(x) =















0.7e−( x+4
2+4 ) −4 ≤ x ≤ 2,

0.7 x = 2,

0.7e−( 8−x
8−2 ) 2 ≤ x ≤ 8,

0 Otherwise.

So addition of those two fuzzy number is

Fig. 3. T2IETFN of z̃∗

Fig. 4. Addition of ã∗ ⊕ z̃∗

Example 2. If ã∗ = [(2, 5, 8; 0.5)(1, 5, 9; 0.5)
, (0, 5, 10; 0.7)(−1, 5, 11; 0.7))] and z̃∗ =
[(−1, 2, 5; 0.5)(−2, 2, 6; 0.5), (−3, 2, 7; 0.7)(−4, 2, 8; 0.7))]
be two T2IETFN , then the substraction of those two fuzzy

number is:

Fig. 5. Substraction of ã∗ ⊖ z̃∗

Example 3. If ã∗ = [(−1, 2, 5; 0.5)(−2, 2, 6; 0.5),
(−3, 2, 7; 0.7)(−4, 2, 8; 0.7))] be a T2IETFN and C is

constant, then the multiplication of this fuzzy number with

constant number is:

First C = 2, Second C = −2,

Example 4. If ã∗ = [(4, 5, 8; 0.5)(3, 5, 9; 0.5),

Fig. 6. Cã∗, C > 0 for T2IETFN

Fig. 7. Cã∗, C < 0 for T2IETFN

(2, 5, 10; 0.7)(1, 5, 11; 0.7))] and z̃∗ =
[(−1, 2, 5; 0.5)(−2, 2, 6; 0.5), (−3, 2, 7; 0.7)(−4, 2, 8; 0.7))]
be two T2IETFN , then the division( z̃∗

ã∗
) of those two fuzzy

number is:

Fig. 8. division( z̃
∗

ã
∗
) for T2IETFN

VI. RANKING FUZZY NUMBERS BY CENTROID CONCEPT

Definition 9. Let ã be a T2IETFN ã∗ =
[µãL(x), µãU (x), νãL(x), νãU (x)] in R defined as:

µã∗(x) =







fã∗(x) a∗ ≤ x ≤ b∗,

gã∗(x) b∗ ≤ x ≤ c∗,

0 Otherwise.

(14)

νã∗(x) =







f ′

ã∗(x) a′∗ ≤ x ≤ b∗,

g′ã∗(x) b∗ ≤ x ≤ c′∗,

0 Otherwise.

(15)

where 0 ≤ µã∗(x) + νã∗(x) ≤ 1 and a′

2 ≤ a2 ≤
a′

1 ≤ a1 ≤ b1 ≤ c1 ≤ c′1 ≤ c2 ≤ c′2, and

functions fã∗(x), gã∗(x), f ′

ã∗(x), g′ã∗(x) : R → [0, 1] are

called the legs of membership function µã∗(x) and non-

membership function νã∗(x). The function fã∗(x), g′ã∗(x) and

gã∗(x), f ′

ã∗(x) are non-decreasing continuous functions and

the functions gã∗(x), f ′

ã∗(x) are non-increasing continuous
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functions. Therefore inverse functions can be defined as fol-

lows:














L−1
f (ã∗) = b∗ + (ln y

w∗
)(b∗ − a∗)

R−1
f (ã∗) = b∗ − (ln y

w∗
)(c∗ − b∗)

L−1
g (ã∗) = a′∗ − (ln y

w∗
)(b∗ − a′∗)

R−1
g (ã∗) = c′∗ + (ln y

w∗
)(c′∗ − b∗).

Yager [14] was the first researcher to proposed a centroid-

index ranking method to calculate the value x0 for a fuzzy

number A as

x0 =

∫ 1

0
w(x)A(x)dx
∫ 1

0
A(x)dx

where w(x) is a weighting function measuring the importance

of the value x and A(x) denotes the membership function of

the fuzzy number A. The larger the value is of x0 the better

ranking of A.

The method of ranking trapezoidal intuitionistic fuzzy num-

bers with centroid index uses the geometric center of a

trapezoidal intuitionistic fuzzy number. The geometric center

corresponds to xA value on the horizontal axis and yA value

on the vertical axis.

Cheng[13] used a centroid-based distance approach to

rank fuzzy numbers. For trapezoidal fuzzy number A =
(a, b, c, d;w), the distance index can be defined as

R(A) =
√

x2
0 + y2

0

Where x0 =

∫ b

a
xLA(x)dx +

∫ c

b
xdx +

∫ d

c
xUA(x)dx

∫ b

a
LA(x)dx +

∫ c

b
dx +

∫ d

c
UA(x)dx

,

and y0 = w

∫ 1

0
yAL(y)dy +

∫ 1

0
yAU (y)dy

∫ 1

0
AL(y)dy +

∫ 1

0
AU (y)dy

.

UA and LA are the respective right and left membership

function of A, and AU and AL, are the inverse of UA and

LA respectively.

Definition 10. The centroid point (xã∗ , yã∗) of the

T2IETFN ã∗ is determined as follows:

xµ(ã∗) =

∫

xfL
ã∗(x)dx +

∫

yfR
ã∗(x)dx

∫

fL
ã∗(x)dx +

∫

fR
ã∗(x)dx

xµ(ã∗) = (16)

∫ b1

a1
xLf1

(ã∗)dx +
∫ b1

a2
xLf2

(ã∗)dx +
∫ c1

b1
xRf1

(ã∗)dx +
∫ c2

b1
xRf2

(ã∗)dx
∫ b1

a1
Lf1(ã

∗)dx +
∫ b1

a2
Lf2(ã

∗)dx +
∫ c1

b1
Rf1(ã

∗)dx +
∫ c2

b1
Rf2(ã

∗)dx

xν(ã∗) =

∫

xgL
ã∗(x)dx +

∫

xgR
ã∗(x)dx

∫

gL
ã∗(x)dx +

∫

gR
ã∗(x)dx

xν(ã∗) = (17)

∫ b1

a′

1
xLg1

(ã∗)dx +
∫ b1

a′

2
xLg2

(ã∗)dx +
∫ c′1

b1
xRg1

(ã∗) +
∫ c′2

b1
xRg2

(ã∗)dx
∫ b1

a′

1
Lg1(ã

∗)dx +
∫ b1

a′

2
Lg2(ã

∗)dx +
∫ c′1

b1
Rg1(ã

∗) +
∫ c′2

b1
Rg2(ã

∗)dx

and

yµ(ã∗) =

∫ 1

0
yfL−1

ã∗ (y)dy −
∫ 1

0
yfR−1

ã∗ (y)dy
∫ 1

0
fL−1

ã∗ (y)dy −
∫ 1

0
fR−1

ã∗ (y)dy

yµ(ã∗) =

∫ 1

0
y(L−1

f1
(ã∗) + L−1

f2
(ã∗))dy −

∫ 1

0
y(R−1

f1
(ã∗) + R−1

f2
(ã∗))dy

∫ 1

0
(L−1

f1
(ã∗) + L−1

f2
(ã∗))dy −

∫ 1

0
(R−1

f1
(ã∗) + R−1

f2
(ã∗))dy

(18)

yν(ã∗) =

∫ 1

0
ygL−1

ã∗ (y)dy −
∫ 1

0
ygR−1

ã∗ (y)dy
∫ 1

0
gL−1

ã∗ (y)dy −
∫ 1

0
gR−1

ã∗ (y)dy

yν(ã∗) =

∫ 1

0
y(L−1

g1
(ã∗) + L−1

g2
(ã∗))dy −

∫ 1

0
y(R−1

g1
(ã∗) + R−1

g2
(ã∗))dy

∫ 1

0
(L−1

g1 (ã∗) + L−1
g2 (ã∗))dy −

∫ 1

0
(R−1

g1 (ã∗) + R−1
g2 (ã∗))dy

(19)

Theorem 6. If ã∗ = (a∗

1, b
∗

1, c
∗

1;w
∗

1)(a∗

2, b
∗

2, c
∗

2;w
∗

1) is a

T2IETFN , then centroid point of ã∗ is

(i) xµ(ã∗) = (20)

(e − 3)(b1a1 + b1a2 − b1c1 − b1c2) + (2 − e)(a2
1 + a2

2 − c2
1 − c2

2)

(e − 1)(c1 + c2 − a1 − a2)

(ii) xν(ã∗) =
(e − 3)(b1c

′

1 − b1c
′

2 − b1a
′

1 − b1a
′

2)

(e − 1)(c′1 + c′2 − a′

1 − a′

2)
, (21)

and

(iii) yµ(ã∗) =
( c1+c2−a1−a2

2 ) ln 1
w

+ a1+a2−c1−c2

4

(c1 + c2 − a1 − a2) ln 1
w

+ (a1 + a2 − c1 − c2)
,

(22)

(iv) yν(ã∗) =
a′

1+a′

2−c′1−c′2
4 + (

a′

1+a′

2−c′1−c′2
2 ) ln 1

w

(a′

1 + a′

2 − c′1 − c′2) ln 1
w

. (23)

Definition 11. The ranking function of the T2IETFN ã∗

which is the Euclidean distance is defined by

R(ã∗) =

√

1

2
([xµ(ã∗) − yµ(ã∗)]2 + [xν(ã∗) − yν(ã∗)]2).

Therefore we can define ranking of Euclidean distance in

T2IETFN .

Theorem 7. If ã∗ = (a∗

1, b
∗

1, c
∗

1;w
∗

1)(a∗

2, b
∗

2, c
∗

2;w
∗

1) and

z̃∗ = (a∗

3, b
∗

3, c
∗

3;w
∗

2)(a∗

4, b
∗

4, c
∗

4;w
∗

4) are two T2IETFN , so

i) If R(ã∗) < R(z̃∗) =⇒ ã∗ < z̃∗,

ii) If R(ã∗) ≈ R(z̃∗) =⇒ ã∗ ≈ z̃∗,

iii) If R(ã∗) > R(z̃∗) =⇒ ã∗ > z̃∗.

Example 5. If ã∗ =
[(2, 5, 8; 0.5)(1, 5, 9; 0.5), (0, 5, 10; 0.7)(−1, 5, 11; 0.7))] and

z̃∗ = [(−1, 2, 5; 0.5)(−2, 2, 6; 0.5), (−3, 2, 7; 0.7)(−4, 2, 8; 0.7))]
be two T2IETFN , then the using proposed method we get

For ã∗

xµ(ã∗) = 0.08, yµ(ã∗) = 0.86,

Then R(ã∗) =≈ 8.88.
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For z̃∗

xµ(z̃∗) = −0.03, yµ(z̃∗) = 0.86,

Then R(z̃∗) =≈ 6.77.

Using by Theorem 7, we have R(ã∗) > R(z̃∗) =⇒ ã∗ > z̃∗.

VII. GENERALIZED TYPE-2 INTUITIONISTIC

EXPONENTIAL TRIANGULAR FUZZY NUMBER

TRANSPORTATION PROBLEM

Consider a type-2 intuitionistic exponential triangular fuzzy

number with m sources and n destinations as

Minimize
⊕m

i=1

⊕m
j=1 cijxij

subject to







∑n
j=1 xij ≈ ai, for i = 1, 2, ...,m

∑m
i=1 xij ≈ bj , for j = 1, 2, ..., n

xij ≥ 0 ∀ i, j

(24)

where ai is the approximate availability of the product at the

ith source, bi is the approximate demand of the product at the

jth destination, cij is the approximate cost for transporting one

unit of the product from the ith source to the jth destination

and xij is the number of units of the product that should be

transported from the ith source to jth destination taken as

fuzzy decision variables.

If
∑m

i=1 ai =
∑n

j=1 bj then the intuitionistic fuzzy transporta-

tion problem is said to be a balanced transportation problem,

otherwise it is called an unbalanced.Let

cij = [(cij1, cij2, cij3;w)(c′ij1, cij2, c
′

ij3;w),

(cij4, cij2, cij5;w)(c′ij4, cij2, c
′

ij5;w)],

ai = [(ai1, ai2, ai3;w)(a′

i1, ai2, a
′

i3;w), (ai4, ai2, ai5;w)(a′

i4, ai2, a
′

i5;w)],

and

bj = [(bj1, bj2, bj3;w)(b′j1, bj2, b
′

j3;w), (bj4, bj2, bj5;w)(b′j4, bj2, b
′

j5;w)].

The steps to solve the above IFTP are as follows:

Step 1. Substituting the value of cij , ai and bj in (36), we

get

Minimize
⊕m

i=1

⊕m
j=1[(cij1, cij2, cij3;w)(c′ij1, cij2, c

′

ij3;w),
(cij4, cij2, cij5;w)(c′ij4, cij2, c

′

ij5;w)]xij

subject to







































∑n
j=1 xij ≈ [(ai1, ai2, ai3;w)(a′

i1, ai2, a
′

i3;w),

(ai4, ai2, ai5;w)(a′

i4, ai2, a
′

i5;w)],
for i = 1, 2, ...,m

∑m
i=1 xij ≈ [(bj1, bj2, bj3;w)(b′j1, bj2, b

′

j3;w),
(bj4, bj2, bj5;w)(b′j4, bj2, b

′

j5;w)],
for j = 1, 2, ..., n

xij ≥ 0 ∀ i, j
(25)

Step 2. Now by the arithmetic operations and definitions

presented in Section 4 and 6, (38) can be converted to crisp

linear programming

Minimize

H(
⊕m

i=1

⊕m
j=1[(xijcij1, xijcij2, xijcij3;w)(xijc

′

ij1, xijcij2, xijc
′

ij3;w),
(xijcij4, xijcij2, xijcij5;w)(xijc

′

ij4, xijcij2, xijc
′

ij5;w)])

subject to







































H(
∑n

j=1 xij) = H([(ai1, ai2, ai3;w)(a′

i1, ai2, a
′

i3;w),

(ai4, ai2, ai5;w)(a′

i4, ai2, a
′

i5;w)]),
for i = 1, 2, ...,m

H(
∑m

i=1 xij) = H([(bj1, bj2, bj3;w)(b′j1, bj2, b
′

j3;w),
(bj4, bj2, bj5;w)(b′j4, bj2, b

′

j5;w)]),
for j = 1, 2, ..., n

xij ≥ 0 ∀ i, j
(26)

Step 3. Find the optimal solution xij by solving the linear

programming problem.

Step 4. Find the fuzzy optimal value by putting xij in
⊕m

i=1

⊕m
j=1 cijxij .

Example 6. Consider a transportation problem with three

origins and three destinations. The related costs are given in

the following Table 1.

Minimize

[(3, 4, 5; 0.5)(2, 4, 6; 0.5), (1, 4, 7; 0.5)(0, 4, 8; 0.5)]x11

⊕[(3, 4, 7; 0.2)(2, 4, 8; 0.2), (1, 4, 9; 0.2)(0, 4, 10; 0.2)]x12

⊕[(4, 5, 6; 0.3)(3, 5, 7; 0.3), (2, 5, 8, 0.3)(1, 5, 9; 0.3)]x13

⊕[(3, 4, 6; 0.6)(2, 4, 7; 0.6), (1, 4, 8; 0.6)(0, 4, 9; 0.6)]x21

⊕[(5, 6, 7; 0.6)(4, 6, 8; 0.6), (3, 6, 9; 0.6)(2, 6, 10; 0.6)]x22

⊕[(5, 6, 8; 0.4)(4, 6, 9; 0.4), (3, 6, 10; 0.4)(2, 6, 11; 0.4)]x23

⊕[(3, 5, 8; 0.7)(2, 5, 9; 0.7), (1, 5, 10; 0.7)(0, 5, 11; 0.7)]x31

⊕[(4, 5, 8; 0.8)(3, 5, 9; 0.8), (2, 5, 10; 0.8)(1, 5, 11; 0.8)]x32

⊕[(4, 6, 7; 0.2)(3, 6, 8; 0.2), (2, 6, 9; 0.2)(1, 6, 10; 0.2)]x33

subject to























































































x11 + x12 + x13 ≈ [(4, 5, 7; 0.6)(3, 5, 8; 0.6),
(2, 5, 9; 0.6)(1, 5, 10; 0.6)]
x21 + x22 + x23 ≈ [(4, 5, 8; 0.5)(3, 5, 9; 0.5),
(2, 5, 10; 0.5)(1, 5, 11; 0.5)]
x31 + x32 + x33 ≈ [(6, 7, 8; 0.8)(5, 7, 9; 0.8),
(4, 7, 10; 0.8)(3, 7, 11; 0.8)]
x11 + x21 + x31 ≈ [(5, 7, 9; 0.9)(4, 7, 10; 0.9),
(3, 7, 11; 0.9)(2, 7, 12; 0.9)]
x12 + x22 + x32 ≈ [(3, 4, 8; 0.8)(2, 4, 9; 0.8),
(1, 4, 10; 0.8)(0, 4, 11; 0.8)]
x31 + x23 + x33 ≈ [(4, 5, 8; 0.8)(3, 5, 9; 0.8),
(1, 5, 11; 0.8)(0, 5, 12; 0.8)]
xij ≥ 0 ∀ i, j

With using step 2., transportation problem converted into crisp

linear programming

Minimize

3.65x11 ⊕ 5.09x12 ⊕ 2.31x13 ⊕ 3.14x21
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⊕4.25x22 ⊕ 6.39x23 ⊕ 3.83x31 ⊕ 4.11x32 ⊕ 3.31x33

subject to







































x11 + x12 + x13 = 3.88
x21 + x22 + x23 = 4.37
x31 + x32 + x33 = 4.85
x11 + x21 + x31 = 5.05
x12 + x22 + x32 = 3.74
x31 + x23 + x33 = 2.07
xij ≥ 0 ∀ i, j

With using Lingo, we can solve the above crisp linear pro-

gramming. We get x11 = 1.81, x12 = 0, x13 = 2.07, x21 =
2.13, x22 = 0, x23 = 0, x31 = 1.11, x32 = 3.74, x33 = 0.

So the minimum cost of transportation is 37.6991.

VIII. APPLICATION OF SYSTEM FAILURE USING

T2IETFN

Starting failure of an automobile depends on different facts.

The facts are battery low charge, ignition failure and fuel

supply failure. There are two sub-factors of each of the facts.

The fault-tree of failure to start of the automobile is shown

in the Fig.18. Ffs: represents the system failure to start of

Fig. 9. Fault-tree of failure to start of an automobile

automobile,

Fblc: represents the failure to start of automobile due to

Battery Low Charge,

Fif : represents the failure to start of automobile due to

Ignition Failure,

Ffsf : represents the failure to start of automobile due to Fuel

Supply Failure,

Flbf : represents the failure to start of automobile due to Low

Battery Fluid,

Fbis: represents the failure to start of automobile due to

Battery Internal Short,

Fwhf : represents the failure to start of automobile due to

Wire Harness Failure,

Fspf : represents the failure to start of automobile due to

Spark Plug Failure,

Ffif : represents the failure to start of automobile due to Fuel

Injector Failure,

Ffpf : represents the failure to start of automobile due to Fuel

Pump Failure.

The intuitonistic fuzzy failure to start of an automobile can

be calculated when the failures of the occurrence of basic

fault events are known. Failure to start of an automobile can

be evaluated by using the following steps:

Step 1.







Fblc = 1 ⊖ (1 ⊖ Flbf )(1 ⊖ Fbis)
Fif = 1 ⊖ (1 ⊖ Fwhf )(1 ⊖ Fspf )
Ffsf = 1 ⊖ (1 ⊖ Ffif )(1 ⊖ Ffpf )

(27)

Step 2. Ffs = 1 ⊖ (1 ⊖ Fblc)(1 ⊖ Fif )(1 ⊖ Ffsf ) (28)

Example 7. Here we present numerical explanation of

starting failure of the automobile using fault tree analysis with

intuitionistic fuzzy failure rate. The components failure rates

as T2IETFN are given by














































































Flbf = [(0.03, 0.04, 0.06)(0.02, 0.04, 0.07),
(0.01, 0.04, 0.08)(0.00, 0.04, 0.09)],
Fbis = [(0.03, 0.04, 0.05)(0.02, 0.04, 0.06),
(0.01, 0.04, 0.07)(0.00, 0.04, 0.08)],
Fwhf = [(0.03, 0.05, 0.07)(0.02, 0.05, 0.08),
(0.01, 0.05, 0.09)(0.00, 0.05, 0.1)],
Fspf = [(0.03, 0.05, 0.06)(0.02, 0.05, 0.07),
(0.01, 0.05, 0.08)(0.00, 0.05, 0.09)],
Ffif = [(0.04, 0.05, 0.06)(0.03, 0.05, 0.07),
(0.02, 0.05, 0.08)(0.01, 0.05, 0.09)],
Ffpf = [(0.04, 0.05, 0.07)(0.03, 0.05, 0.08),
(0.02, 0.05, 0.09)(0.01, 0.05, 0.1)].

(29)

In the step 2 (using Eq.37), we obtain the failure to start of

the automobile. The fuzzy failure to start of an automobile

(Fig.18) is represented by the following T2IETFN

Ffs = [(0.18412, 0.24935, 0.31755)(0.13214, 0.24935, 0.36004),

(0.07744, 0.24935, 0.40031)(0.0199, 0.24935, 0.43835)]

So the failure to start of the automobile is about 0.24935, with

tolerance level of acceptance [0.18412, 0.40031] and tolerance

level of rejection [0.13214, 0.4383].
Example 8. system failure data used in this example are

adopted from Shaw and Roy[22]














































































Flbf = [(0.03, 0.04, 0.05)(0.02, 0.04, 0.06),
(0.01, 0.04, 0.07)(0.00, 0.04, 0.08],
Fbis = [(0.03, 0.05, 0.06)(0.02, 0.05, 0.07),
(0.01, 0.05, 0.08)(0.00, 0.05, 0.09)],
Fwhf = [(0.02, 0.03, 0.04)(0.01, 0.03, 0.05),
(0.00, 0.03, 0.06)(0.001, 0.03, 0.07)],
Fspf = [(0.04, 0.06, 0.07)(0.02, 0.06, 0.09),
(0.01, 0.06, 0.1)(0.00, 0.06, 0.11)],
Ffif = [(0.06, 0.07, 0.09)(0.04, 0.07, 0.1),
(0.03, 0.07, 0.11)(0.02, 0.07, 0.12)],
Ffpf = [(0.05, 0.07, 0.08)(0.03, 0.07, 0.09),
(0.02, 0.07, 0.1)(0.01, 0.07, 0.11)].

In the step 2 (using Eq.37), we obtain the failure to start of

the automobile is represented by the following T2IETFN

Ffs = [(0.20952, 0.28078, 0.33253)(0.13233, 0.28078, 0.38105),
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(0.07763, 0.28078, 0.42021)(0.03077, 0.28078, 0.45728)]

With using median between

[µ ˜Ffs
L(x), µ ˜Ffs

U (x), ν ˜Ffs
L(x), ν ˜Ffs

U (x)], we have:

The failure to start of the automobile is about 0.28078,

with tolerance level of acceptance [0.143575, 0.37637] and

tolerance level of rejection [0.08155, 0.419165].

IX. CONCLUSION

T2IETFN has many advantages over type-1 fuzzy sets

because their membership functions are themselves fuzzy,

making it possible to model and minimize the effect of

uncertainty in type-1 intuitionistic fuzzy systems and we can

easily find the membership, non-membership and hesitation

degree. Basic generalized exponential triangular intuitionistic

fuzzy numbers formulated of (α, β)-cut methods and rank-

ing of T2IETFN play an important role in intuitionistic

fuzzy decision making problem. (α, β)-cut of fuzzy number

is very important in defining total ordering on the class of

intuitionistic fuzzy numbers. It means, we can compare any

two intuitionistic fuzzy numbers using their alpha-beta cuts.

This proposed ranking method can apply for both kind of fuzzy

number and flexible to the researchers in the ranking index of

their attitudinal analysis.

We have taken the intuitionistic fuzzy failure to start of

an automobile as known basic fault events using Type-2

intuitionistic exponential triangular fuzzy number. The grade

of a membership function indicates a subjective degree of

preference of a decision maker within a given tolerance and

grade of a non-membership function indicates a subjective

degree of negative response of a decision maker within a given

tolerance. The proposed technique can be suitably utilized to

solve the start of an automobile problem.

ACKNOWLEDGMENT

This work was supported in part by the National Natural

Science Foundation of China (Grant 61772344 and Grant

61732011), in part by the Natural Science Foundation of SZU

(Grant 827-000140, Grant 827-000230, and Grant 2017060).

REFERENCES

[1] R. E. Bellman and L. A. Zadeh, Decision-making in a fuzzy environment,
Management Sci. 17 (1970/71) B141-B164.

[2] K.T. Atanassov, Intuitionistic Fuzzy Sets, VII ITKR Session, Sofia,
Bulgarian, 1983.

[3] K.T. Atanassov, Intuitionistic fuzzy sets, Fuzzy Sets Syst. 20 (1986) 87-
96.

[4] D. Dubois and H. Prade, Ranking fuzzy numbers in the setting of
possibility theory, Inform. Sci. 30 (1983) 183-224.

[5] H. B. Mitchell, Ranking intuitionistic fuzzy numbers, Internat. J. Uncer-
tain. Fuzziness Knowledge-Based Systems 12(3) (2004) 377-386.

[6] C. Kahraman and A. C. Tolga, An alternative ranking approach and its
usage in multi-criteria decision-making, International Journal of Compu-
tational Intelligence Systems 2 (2009) 219-235.

[7] S. Rezvani, Ranking generalized exponential trapezoidal fuzzy numbers
based on variance, Applied Mathematics and Computation, 262, 191-198,
(2015).

[8] S. Rezvani, Cardinal, Median Value, Variance and Covariance of Ex-
ponential Fuzzy Numbers with Shape Function and its Applications
in Ranking Fuzzy Numbers, International Journal of Computational
Intelligence Systems, Vol. 9, No. 1 (2016) 10-24.

[9] S. Rezvani, Ranking method of trapezoidal intuitionistic fuzzy numbers,
Annals of Fuzzy Mathematics and Informatics Volume 5, No. 3, (2013)
515-523.

[10] K. Arun Prakash, M. Suresh, S. Vengataasalam, A new approach for
ranking of intuitionistic fuzzy numbers using a centroid concept, Math
Sci (2016) 10:177184.

[11] Dipak Kumar Jana, Novel arithmetic operations on type-2 intuitionistic
fuzzy and its applications to transportation problem, Pacific Science
Review A: Natural Science and Engineering 18 (2016) 178-189.

[12] Yager, R. R,On a general class of fuzzy connectives. Fuzzy Sets and
Systems, 4(6), (1980) 235-242.

[13] Cheng, C. H.,A new approach for ranking fuzzy numbers by distance
method. Fuzzy Sets and System, 95, (1998) 307-317.

[14] S. Rezvani, Ranking Generalized Trapezoidal Fuzzy Numbers with
Euclidean Distance by the Incentre of Centroids, Mathematica Aeterna,
Vol. 3, (2013) no. 2, 103 - 114.

[15] Suresh, P.V., Babar, A.K., and Venkat Raj, V., (1996), Uncertainty in
fault tree analysis: A fuzzy Approach, Fuzzy Sets and Systems, 83, 135-
141.

[16] Mahapatra, G. S., (2010), Intuitionistic fuzzy fault tree analysis using
intuitionistic fuzzy numbers, International Mathematical Forum, 21, 1015
1024.

[17] Tyagi, S. K., Pandey, D., Tyagi Reena (2010), Fuzzy set theoretic
approach to fault tree analysis, International Journal of Engineering,
Science and Technology, 2, 276-283.

[18] Mahapatra, G.S. Roy, T.K., (2009), Reliability evaluation using triangu-
lar intuitionistic fuzzy numbers arithmetic operations, World Academy of
Science and Technology, 50, 574-581.

[19] Singer, D., (1990), A fuzzy set approach to fault-tree and reliability
analysis, Fuzzy Sets and Systems, 34, 145 155.

[20] Wang, J. Q., Nie, R., Zhang, H., Chen, X., (2013), New operators on
triangular intuitionistic fuzzy numbers and their applications in system
fault analysis, Information Sciences, 251, 79-95.

[21] Lata, Neeraj, (2013), Analysis of fuzzy fault tree using intuitionistic
fuzzy numbers, International Journal of Computer Science Engineering
Technology, 4, 918-924.

[22] A.K. Shaw and T. K. Roy, Some arithmetic operations on Triangular
Intuitionistic Fuzzy Number and its application on reliability evaluation,
International Journal of Fuzzy Mathematics and Systems, Volume 2,
Number 4 (2012), pp. 363-382.

Table (1): Input data for IFTP.
D1 D2 D3 Availability (ai) Demand(bi)

S1 S2 S3 [(
3
,4

,5
;0

.5
)(

2
,4

,6
;0

.5
),

(1
,4

,7
;0

.5
)(

0
,4

,8
;0

.5
)]

, [(
3
,4

,6
;0

.6
)(

2
,4

,7
;0

.6
),

(1
,4

,8
;0

.6
)(

0
,4

,9
;0

.6
)]

, [(
3
,5

,8
;0

.7
)(

2
,5

,9
;0

.7
),

(1
,5

,1
0
;0

.7
)(

0
,5

,1
1
;0

.7
)]

[(
3
,4

,7
;0

.2
)(

2
,4

,8
;0

.2
),

(1
,4

,9
;0

.2
)(

0
,4

,1
0
;0

.2
)]

, [(
5
,6

,7
;0

.6
)(

4
,6

,8
;0

.6
),

(3
,6

,9
;0

.6
)(

2
,6

,1
0
;0

.6
)]

, [(
4
,5

,8
;0

.8
)(

3
,5

,9
;0

.8
),

(2
,5

,1
0
;0

.8
)(

1
,5

,1
1
;0

.8
)]

[(
4
,5

,6
;0

.3
)(

3
,5

,7
;0

.3
),

(2
,5

,8
,0

.3
)(

1
,5

,9
;0

.3
)]

, [(
5
,6

,8
;0

.4
)(

4
,6

,9
;0

.4
),

(3
,6

,1
0
;0

.4
)(

2
,6

,1
1
;0

.4
)]

, [(
4
,6

,7
;0

.2
)(

3
,6

,8
;0

.2
),

(2
,6

,9
;0

.2
)(

1
,6

,1
0
;0

.2
)]

[(
4
,5

,7
;0

.6
)(

3
,5

,8
;0

.6
),

(2
,5

,9
;0

.6
)(

1
,5

,1
0
;0

.6
)]

, [(
4
,5

,8
;0

.5
)(

3
,5

,9
;0

.5
),

(2
,5

,1
0
;0

.5
)(

1
,5

,1
1
;0

.5
)]

, [(
6
,7

,8
;0

.8
)(

5
,7

,9
;0

.8
),

(4
,7

,1
0
;0

.8
)(

3
,7

,1
1
;0

.8
)]

[(
5
,7

,9
;0

.9
)(

4
,7

,1
0
;0

.9
),

(3
,7

,1
1
;0

.9
)(

2
,7

,1
2
;0

.9
)]

, [(
3
,4

,8
;0

.8
)(

2
,4

,9
;0

.8
),

(1
,4

,1
0
;0

.8
)(

0
,4

,1
1
;0

.8
)]

, [(
4
,5

,8
;0

.8
)(

3
,5

,9
;0

.8
),

(1
,5

,1
1
;0

.8
)(

0
,5

,1
2
;0

.8
)]

Table (2): A comparison of the failure to start of the automobile
Approaches failure to start tolerance acceptance tolerance rejection

Shaw and Roy[29] 0.2807824 [0.2095175, 0.3325252] [0.1323264,0.3008815]

Proposed approach 0.2807824 [0.143575,0.37637] [0.08155,0.419165]

Compare 0 +89.25 −35.74
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