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Abstract
During the construction of a metro system, it is inevitable that deviations will occur between the excavated tunnel and the 
original designed scheme. As such, it is necessary to adjust the designed scheme to accommodate these discrepancies. 
Specifically, the adjustment of the designed scheme involves a rigorous process of repeatedly selecting and verifying the 
feasibility of the proposed modifications using point-cloud data obtained from the tunnel. However, this process can be 
considerably time-consuming due to the large-scale and potentially redundant nature of the point-cloud data. This paper 
proposes a mathematical model for point-cloud data acquired in measuring a mined tunnel, which may deviate from the 
originally designed one. The modeling, which mainly includes determining its normal plane, and building the equation of 
tunnel point-cloud data, is to quickly extract several key locations in the tunnel surface for modifying the original design in 
order to achieve a minimum error between the modified design and the mined tunnel. In comparison with the conventional 
processing of extracting several key locations directly from point-cloud data, our model shows a significant promotion of 
extraction efficiency under an acceptable error bound. The model is tested in a real tunnel point-cloud data and the testing 
results confirm the increase of fitting accuracy and the decrease of computational load.

Keywords Point-cloud data · Cylinder equation · Gradient descent

1 Introduction

Metro is an important symbol of modern civilization in a 
city, which plays an irreplaceable role in easing the traf-
fic jam. Tunnel excavation is the most basic part of metro 
construction, and its excavation error is usually inevitable 

[1]. As shown in Fig. 1, this error refers to the inconsist-
ency between the excavation tunnel and the designed tunnel, 
which is usually caused by factors such as the complexity 
of geological conditions, measurement errors and operating 
errors of Tunnel Boring Machines (TBM). Adjusting the 
real tunnel to fit the designed scheme would require exca-
vating and reconstructing the tunnel, which may indeed be 
economically and time-wise impractical in a real-world engi-
neering project. One potential alternative could be to revise Shuyue Chen, Jiaolv Wu and Jian Lu contributed equally to this 
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the designed scheme so that it is more compatible with the 
existing tunnel.

Making adjustments to a designed scheme requires laser 
scanning or photogrammetry to create a detailed 3D point 

cloud model of the real tunnel [2]. This model can then be 
compared to the original design using specialized software 
that can overlay the two models and highlight any differ-
ences or discrepancies [3–5]. In Fig. 2, an overlapping model 

Fig. 1  The diagram illustrates 
the discrepancy between the 
designed metro excavation line 
(represented by the red solid 
line) and the real excavation 
line (represented by the yellow 
solid line)

Fig. 2  The overlapping model 
of a real tunnel comprises a 
purple model depicting the 
actual tunnel and a green model 
depicting the designed tunnel

Table 1  The coordinates of 
the key locations on the base 
coordinate system, which are 
provided to the designer to 
adjust the designed scheme

Project location: 9112-4 Hi-Tech South—Hongshuwan South
Tunnel type: circle tunnel
Measurement time: September 29, 2018, September 30, 2018, October 2, 2018

Tunnel cross-section survey of Shenzhen Metro Line 9 Project

Real section Real measured

Left Right Top (m) Bottom (m) Height (m)

L (mm) H (m) L (mm) H (m)

− 1580.238
 Top 2106 − 8.152 2183 − 8.153 − 7.121 − 12.511 5.390
 Mid-1 2664 − 9.752 2758 − 9.753
 Mid-2 2551 − 10.622 2637 − 10.624
 Bottom 2292 − 11.201 2388 − 11.202

− 1575.746
 Top 2077 − 8.224 2181 − 8.229 − 7.199 − 12.597 5.398
 Mid-1 2659 − 9.826 2759 − 9.828
 Mid-2 2543 − 10.695 2639 − 10.697
 Bottom 2289 − 11.276 2387 − 11.278
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of a real tunnel is depicted. Despite being possible to visu-
ally estimate the size and area of excavation errors, practi-
cal engineering typically requires a more rigorous approach. 
To assess the excavation error of the tunnel quantitatively 
and qualitatively, designers are provided with a table of key 
locations coordinates extracted from the tunnel’s point-cloud 
data. Table 1 gives an instance of the key locations, which 
are selected at intervals and from each cross-section of the 
tunnel. By comparing the key location coordinates with the 
relevant thresholds of corresponding positions, it is possible 
to determine the extent and magnitude of excavation errors 
in terms of the affected area and size.

On the other hand, point-cloud data may lead to a signifi-
cant challenge due to its disordered nature, particularly when 
dealing with large-scale datasets [6]. Extracting the key loca-
tions from this data can be a complex and time-consuming 
task that demands a significant amount of computational 
resources. Making adjustments to the designed scheme can 
be equally challenging, as it often requires re-confirming the 
coordinates of key locations based on the newly designed 
scheme. This process can be highly error-prone, especially 
when dealing with complex point-cloud data, leading to a 
significant amount of wasted time and effort. Therefore, devel-
oping a mathematical model that can quickly extract the key 
location coordinates significantly reduce the time spent on 
adjusting the designed scheme. This can lead to faster and 
more efficient design iterations, allowing designers to explore 
a wider range of design options in less time. Moreover, the 
ability to quickly extract key location coordinates also enables 
the use of evolutionary algorithms in the designed process 
[7]. Evolutionary algorithms rely on evaluating the fitness 
of a large number of potential solutions, which can be time-
consuming when using traditional methods. However, with a 
model that can quickly extract key location coordinates, the 
fitness of a newly designed scheme can be evaluated much 
more quickly, allowing evolutionary algorithms to be used 
to explore a much larger search space of designed options.

In the past decades, scholars have proposed a lot of mod-
eling methods of tunnel point cloud. Hamid chakeri took 
the lead in applying point-cloud data to tunnel deforma-
tion monitoring [8]. Rinskevan gosliga built the cylindrical 
model, and then adopted the statistical test method to carry 
out the tunnel deformation monitoring [9]. Fekete diederichs 
and Lato adopted the triangular mesh method to model the 
tunnel [10]. All of the above studies were aimed at simulat-
ing the real tunnel through the point-cloud data processing 
[11, 12], splicing [13], and 3D reconstruction [14]. Despite 
the fact that these methods are capable of accurately repre-
senting the shape of a real tunnel, they are currently imprac-
tical for efficiently adjusting the designed scheme, as this 
process often involves repeatedly extracting key location 
coordinates, which can be time-consuming. Moreover, the 

modeling techniques discussed above exclusively pertain to 
modeling tunnels that have been completed post-construc-
tion. Consequently, these approaches are inapplicable to tun-
nels that have not undergone track installation.

This paper proposes a mathematical model that aims 
to extract key location coordinates from point-cloud data 
quickly. The model consists of several steps: firstly, the 
gradient descent method is used to extract the point-cloud 
belonging to the same cross-section from the point-cloud 
data. Then, the least square method [15, 16] is applied to cal-
culate the center point of each cross-section. Subsequently, a 
tunnel centerline composed of multiple polylines is obtained 
by connecting the center point of the adjacent cross-sections. 
Finally, the paper proposes a tunnel model based on the 
centerline and provides a method for extracting key posi-
tion coordinates from this model. The proposed model is 
tested in a real metro tunnel, and the comprehensive experi-
ment shows that it effectively reduces the extraction time of 
key location coordinates while ensuring that the deviation 
between the proposed model and the tunnel point-cloud data 
is within an acceptable range.

The remaining of this paper includes the following sec-
tions: Sect. 2 provides the related work. Section 3 presents 
the construction process of our model. Section 4 shows an 
experimental test on a real data set and discussions of the 
results. And Sect. 5 concludes this paper.

2  Preliminaries

2.1  Tunnel clearance and base coordinate

Tunnel clearance is a crucial consideration in the design and 
construction of metro systems to ensure that trains can travel 
safely without colliding with tunnel walls or obstacles [17, 
18]. As shown in Fig. 3, various gauges are involved in this 
process, including the metro profile, which encompasses 
the maximum dimensions of the train when in motion. The 
equipment gauge pertains to the required space for installing 
signaling equipment, power cables, ventilation systems, and 
other equipment along the track [19, 20]. The metro gauge 
accounts for the tunnel’s dimensions, including width, height, 
curvature, and extra space required for equipment installation.

To aid the designers in their endeavor to consider the 
diverse equipment within the tunnel during the adjustment 
phase of metro construction, the scanned three-dimen-
sional key location coordinates will be transformed into a 
two-dimensional coordinate system in the base coordinate 
framework. The base coordinate framework, as illustrated in 
Fig. 3, employs the central point of the track as the origin, 
while the track plane and metro centerline serve as the x-axis 
and y-axis, respectively.
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2.2  Key locations of the tunnel cross‑section

Metro tunnel cross-section measurement is the process of 
precisely scanning the profile of the tunnel cross-section 
during metro construction to ensure the tunnel clearance has 
not been violated and to provide a basis for the modifications 
of the designed scheme. To accurately reflect the profile 
and size of the metro tunnel cross-section, surveyors place 
multiple key locations along the cross-section following the 
designed line. The designers then determine the deviation 
direction and magnitude of the each cross-section based on 
the deviation values at key locations of the real tunnel.

Figure 4a describes the key locations of a cross-section. 
Generally, the key locations can be divided into 4 categories:

• Top right/left. These locations can reflect the height and 
arch shape of the cross-section. The horizontal deviations 
of these types of key locations are focused on during 
metro construction.

• Bottom right/left. These locations can reflect the depth 
and planarity of the cross-section. The horizontal devia-
tions of these types of key locations are focused on dur-
ing metro construction.

• Mid right/left 1 and mid right/left 2. These locations 
can reflect the linearity and slope of the cross-section. 
The horizontal deviations of these types of key locations 
are focused on during metro construction.

• Top and bottom. These locations can reflect the width 
and curvature of the cross-section. The vertical devia-
tions of these types of key locations are focused on 
during metro construction.

2.3  Intrusion gauge

Figure 4a depicts the theoretical and real cross-sections 
using a red and blue circle, respectively. The diameter of 
the real cross-section is slightly larger than that of the design 

Fig. 3  This figure illustrates the cross-sectional view of the subway tunnel in a schematic form
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cross-section to provide adequate adjustment space for the 
designer. If a theoretical key location falls within the real 
cross-section, additional space is available for it. Conversely, 
if a key location falls outside the real cross-section, it is 
considered violated. Consequently, Fig. 4a shows 5 invasion 
locations: top right, mid right 1, mid right 2, bottom right, 
and bottom.

2.4  Adjustment of designed line

The adjustment of the designed line refers to the process 
of measuring the three-dimensional structure of a tunnel 
that has been constructed, and subsequently, optimizing the 
original design scheme in accordance with the actual condi-
tions on-site. This process enables the necessary adjustments 
to be made to ensure the requirements of the various equip-
ment within the tunnel are met. Generally, the adjustment of 
the designed line is a process that enhances the smoothness 
of the metro tunnel and increases the safety and comfort of 
driving.

Figure 4b illustrates the deviation between the real and 
designed tunnel cross-sections. Let Ci be a cross-section con-
taining 10 key locations {�i,j}10j=1 . The deviation of Ci at the 10 
key locations is denoted by {di,j}10j=1 , where di,j > 0 indicates 
that Ci has additional space di,j at �i,j , while di,j < 0 indicates 
an intrusion of −di,j at �i,j . The cross-section Ci does not intrude 
on the equipment gauge if and only if ∀𝜅i,j ∈ Ci, di,j > 0 . Let 
ℂ = {Ci}

n
i=1

 be the set of measured cross-sections. It follows 
that the designed tunnel satisfies the design requirements if and 
only if ∀Ci ∈ ℂ, Ci does not intrude on the equipment gauge. 

Finally, Fig. 5 illustrates the process in which the designer 
adjusts the designed scheme to meet the requirements of the 
real tunnel.

3  Methodology

This section presents a novel approach aimed at enhancing 
the efficiency of metro designed scheme adjustments by con-
structing a mathematical model of the real tunnel, replacing 
the conventional method of extracting key locations from 
the point-cloud data of the metro tunnel. The mathematical 
model is built upon the geometric properties, structure, and 
point-cloud data of the tunnel. With a strict adherence to the 
accuracy requirements, i.e., a deviation not exceeding 2 cm, 
this method greatly reduces the time required to extract the 
key locations.

3.1  Problem formulation

Let D represents the point-cloud data of the real tunnel. Dur-
ing the process of adjusting the designed scheme, several 
key locations � = {�D

i,j
} from the selected cross-sections 

ℂ = {Ci}
n
i=1

 are extracted to reflect the geometric properties 
and structure of the real tunnel, where {�D

i,j
}10
j=1

 denotes the 
key locations on Ci . This paper aims at constructing a math-
ematical model M to approximate the point-cloud data for 
extracting the key locations. To accurately reflect the shape 
of the real tunnel, the deviations between the key locations 
{�D

i,j
} extracted from D and the key locations {�M

i,j
} extracted 

Fig. 4  a Presents a schematic diagram illustrating 10 significant 
locations on a cross-section. b Displays the disparity between the 
designed and actual cross-sections. Notably, the circle outlined with 

red dashed lines represents the cross-section of the designed tunnel, 
whereas the circle outlined with blue solid lines represents the cross-
section of the actual tunnel



 Industrial Artificial Intelligence            (2023) 1:13 

1 3

   13  Page 6 of 14

from M must satisfy the condition that dis(𝜅D

i,j
, 𝜅M

i,j
) < 2 cm , 

where dis(., .) is the distance function that measures the 
Euclidean distance between �D

i,j
 and �M

i,j
.

3.2  Proposed model

In this section, we propose a mathematical model to sim-
ulate the real tunnels using multi-segment cylinders. The 

proposed model consists of three main steps: extract the real 
normal plane, constructing the tunnel model, and extracting 
key positions from mathematical models. Prior to introduc-
ing our proposed methodology, it is pertinent to first pre-
sent a fundamental piece of knowledge. In practical engi-
neering, the construction team is typically furnished with a 
Computer-Aided Design (CAD) model of the tunnel. This 
model is constructed based on the line that connects the 

Fig. 5  Schematic diagram of the process of the designer adjusting 
the design tunnel. Several cross-sections are scanned at fixed distance 
intervals. For each cross-section, the circle with red solid lines repre-
sents the designed cross-section, while the blue scattered points rep-

resent the point cloud of the scanned actual cross-section. In theory, a 
feasible design tunnel must ensure that all the designed cross-sections 
are within the actual cross-sections

Fig. 6  Diagram illustrating the 
centerline of the route. For-
mally, the centerline of a route 
is represented as a curve in a 
three-dimensional coordinate 
system
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origin of the base coordinate system (route centerline) in 
the spatial domain. Figure 6 shows an example of the route 
centerline. Formally, the equation of the route centerline can 
be expressed as Eq. (1):

The symbol s represents the distance from the starting point 
of the tunnel on the designated line and the coordinate of the 
origin of the base coordinate system of the cross-section Cs 
at the location corresponding to the mileage s is given by 
(o1, o2, o3) . It should be noted that the formula for the route 
centerline, known as Eq. (1), is integrated within CAD soft-
ware. The exact structure of this formula is outlined in the 
appropriate materials.

3.2.1  The extraction of the normal plane

Given Eq. (1), the direction vector v can be approximately 
expressed as Eq. (2):

where � is a constant, which is set to 0.01 in our experiment 
and f represents Eq. (1).

Supposed the direction vector in Cs is (As,Bs,Cs) , the 
point-cloud data of the cross-section on Cs satisfies Eq. (3):

Given the point-cloud data D , we can extract the point-
cloud data Ds = {(Xi, Yi, Zi)}

t
i=1

 of the cross-section at mile-
age s based on Eq. (3), where t is the number of the point-
cloud data. It is important to mention that the cross-section 
referred to here is derived from the designated line, rather 
than the real tunnel cross-section. Therefore, the shape of 
the cross-section profile is elliptical.

As previously mentioned, the base coordinate system is a 
two-dimensional coordinate system. Therefore, it is possible 
to transform Ds into this two-dimensional coordinate system. 
In terms of spectral properties, Eq. (4) defines the x-axis and 
y-axis of the base coordinate system on Cs∶

where i′ and j′ are the direction vectors of x-axis and y-axis, 
D = −(Aso1 + Bso2 + Cso3).

(1)(o1, o2, o3) = f (s),

(2)v =
f (s + �) − f (s − �)

2�
,

(3)Asx + Bsy + Csz −
(
Aso1 + Bso2 + Cso3

)
= 0.

(4)

⎧⎪⎨⎪⎩

i� =

�
Bs(o2 + 1) + Cso3 + D

As

− o1 1 0

�
,

j� =
�
As Bs Cs

�
×i�.

Then, the coordinate of the point-cloud data on the two-
dimensional coordinate system can be written as:

where i1, i2, i3 and j1, j2, j3 are the components of i′ and j′ , 
(X, Y, Z) represents the point-cloud data in Ds and (x, y) 
represents the coordinate of (X, Y, Z) after coordinate 
conversion.

A circle on the designed normal plane will be fitted by 
using the least square method.

Let

where (xi, yi) are the coordinates of the point-cloud data Ds 
after coordinate conversion.

Then the center (a, b) of the fitted circle can be derived 
according to Eq. (7):

Let

Then, the radius R, of the fitted circle can be derived accord-
ing to Eq. (9):

(5)
�
x

y

�
=

⎛⎜⎜⎝

i1 j1
i2 j2
i3 j3

⎞⎟⎟⎠

−1⎛⎜⎜⎝

⎛⎜⎜⎝

X

Y

Z

⎞⎟⎟⎠
−

⎛⎜⎜⎝

o1
o2
o3

⎞⎟⎟⎠

⎞⎟⎟⎠
,

(6)

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

C� = t

t�
i=1

x2
i
−

�
t�

i=1

xi

�2

,

D� = t

t�
i=1

xiyi −

t�
i=1

xi

t�
i=1

yi,

E� = t

t�
i=1

x3
i
+ t

t�
i=1

xiy
2

i
−

t�
i=1

(x2
i
+ y2

i
)

t�
i=1

xi,

G� = t

t�
i=1

y3
i
−

�
t�

i=1

yi

�2

,

H� = t

t�
i=1

x2
i
yi + t

t�
i=1

y3
i
−

t�
i=1

(x2
i
+ y2

i
)

t�
i=1

yi,

(7)

⎧⎪⎨⎪⎩

a =
H�D� − E�G�

2(D�2 − C�G�)
,

b =
H�C� − E�D�

2(D�2 − C�G�)
.

(8)c = −

∑t

i=1
(x2

i
+ y2

i
) + a

∑t

i=1
xi + b

∑t

i=1
yi

t
.

(9)R =
1

2

√
a2 + b2 − 4c.
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Therefore, the equation of the fitting cycle can be written 
as Eq. (10):

As the previous step involved fitting an elliptical point-
cloud data to a circle, it is possible to derive a loss function 
Eq. (11) representing the deviation between the designed 
cross-section and the real normal plane, as follows:

The loss function Eq. (12) between A′,B′,C′,Ds and loss 
can be derived by combining Eqs. (3–11):

where F is the loss function between As,Bs,Cs and loss.
Finally, we propose to use the gradient descent method to 

minimize the loss and obtain the parameters (A∗,B∗,C∗) of 
the real normal plane. Algorithm 1 provides a comprehen-
sive breakdown of the process for extracting the real normal 
plane.

3.2.2  Constructing the tunnel model

By utilizing Eqs. (1–7), one can obtain a set of center points, 
denoted by P = (a0, b0), (a1, b1),… , (an, bn) , by fitting the 
center of each normal plane. The value of n depends on the 

(10)R2 = (x − a)2 + (y − b)2.

(11)loss =

t∑
i=1

((xi − a)2 + (yi − b)2 − R2)2.

(12)loss = F(As,Bs,Cs,Ds),

distance between the designed line and the adjacent cross-sec-
tions. One can construct a polyline in the three-dimensional 
coordinate system by connecting the neighboring center points 
in P. Prior to connecting the center points, it is necessary to 
transform each center point to its corresponding three-dimen-
sional coordinate using Eq. (13):

This polyline can be used to construct several cylinders, 
which can replace the point-cloud data of the real tunnel.

The equation of a cylinder can be expressed as follows:

 The variables a, b, c, and D are accompanied 
by the constants (P1,P2,P3) and (�, �, �) ,  where 
(P1,P2,P3) = (âi+1, b̂i+1, ĉi+1) − (âi, b̂i, ĉi) denotes the direc-
tional vector of the cylinder’s central axis and (�, �, �) rep-
resents a point on the central axis.

Equation (15) can be obtained by combining Eq. (14c) and 
Eq. (14d):

(13)(âi, b̂i, ĉi) = ai × i� + bi × j� + (o1, o2, o3).

(14a)(X − a)2 + (Y − b)2 + (Z − c)2 = R2,

(14b)P1X + P2Y + P3Z + D = 0,

(14c)P1a + P2b + P3c + D = 0.

(14d)
a − �

P1

=
b − �

P2

=
c − �

P3

.
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w h e r e  M =

⎛⎜⎜⎝

P2 −P1 0

P3 0 −P1

P1 P2 P3

⎞⎟⎟⎠
,   � = �P2 − �P1 ,  a n d 

� = �P3 − �P1.
Let

Then Eq. (15) can be converted to Eq. (16):

where 

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

p1 = m11� + m12�,

p2 = m21� + m22�,

p3 = m31� + m32�,

q1 = m13,

q2 = m23,

q3 = m33.

 Then, Eq. (16) can be written as 

Eq. (17):

where 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

N1 =

⎛⎜⎜⎜⎝

(1 − q1P1)
2 −(1 − q1P1)q1P2 −(1 − q1P1)q1P3

−(1 − q1P1)q1P2 (q1P2)
2 q1P2q1P3

−(1 − q1P1)q1P3 q1P2q1P3 (q1P3)
2

⎞⎟⎟⎟⎠
,

N2 =

⎛
⎜⎜⎜⎝

(q2P1)
2 −q2P1(1 − q2P2) q2P1q2P3

−q2P1(1 − q2P2) (1 − q2P2)
2 −(1 − q2P2)q2P3

q2P1q2P3 −(1 − q2P2)q2P3 (q2P3)
2

⎞
⎟⎟⎟⎠
,

N3 =

⎛
⎜⎜⎜⎝

(q3P1)
2 q3P1q3P2 −q3P1(1 − q3P3)

q3P1q3P2 (q3P2)
2 −q3P2(1 − q3P3)

−q3P1(1 − q3P3) −q3P2(1 − q3P3) (1 − q3P3)
2

⎞
⎟⎟⎟⎠
,

W1 =

�
1 − q1P1 −q1P2 −q1P3

�T

,

W2 =

�
−q2P1 1 − q2P2 −q2P3

�T

,

W3 =

�
−q3P1 −q3P2 1 − q3P3

�T

.

(15)
⎛
⎜⎜⎝

a

b

c

⎞
⎟⎟⎠
= M−1

⎛
⎜⎜⎝

�

�

−D

⎞
⎟⎟⎠
,

M−1 =

⎛
⎜⎜⎝

m11 m12 m13

m21 m22 m23

m31 m32 m33

⎞
⎟⎟⎠
.

(16)

⎧⎪⎨⎪⎩

a = p1 − q1D

b = p2 − q2D

c = p3 − q3D

,

(17)
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3

,

Let 

{
N = N1 + N2 + N3,

W = −2p1W1 − 2p2W2 − 2p3W3.
 Finally the cylin-

der can be expressed as Eq. (18):

where E = p2
1
+ p2

2
+ p2

3
 . We can derive the expression 

Fi(ai, bi, ai+1, bi+1) for the cylinder that has the central 
axis with endpoints (ai, bi) and (ai+1, bi+1) by utilizing Eqs. 
(13–18).

Formally, the proposed model, which comprises several 
cylinders, can be written as Eq. (19):

where si denotes the milage of Ci . Figure 7 shows the pro-
posed model, which is replaced with the point-cloud data, 
to improve the efficiency of the key locations extraction.

3.2.3  Extraction of real cross‑section from our model

The deviation of the designed tunnel and the real tunnel 
will cause the cross-sections of the designed line to be a 
ellipse. In order to facilitate the measurement of excava-
tion errors, key locations will be extracted based on the 
base coordinate system, which is mentioned in Sect. 3.2.1. 
By combining Eqs. (5) and (18), the equation of the ellipse 
on the two-dimensional coordinate system can be written 
as Eq. (20):

(18)
�
X Y Z

�
N

⎛⎜⎜⎝

X

Y

Z

⎞⎟⎟⎠
+
�
X Y Z

�
W + E = R2,

(19)

Tunnel (P) =

⎧⎪⎨⎪⎩

F1(a1, b1, a2, b2), s1 ≤ s < s2
F2(a2, b2, a3, b3), s2 ≤ s < s3
⋯

Fn−1(an−1, bn−1, an, bn), sn−1 ≤ s < sn

,

(20)S

(
x

y

)
+
(
x y

)
T

(
x

y

)
+ E1 = R2,

Fig. 7  The proposed mathematical model consists of multiple con-
nected cylindrical segments
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where

Equation (20) depicts the formula for the cross-section of the 
real metro tunnel. By plugging in the corresponding eleva-
tion value of y into the equation, the coordinate value of x 
for the key locations can be calculated (Fig. 8).

4  Model testing on real‑world point‑cloud 
data

4.1  A real‑world point‑cloud data set

We conducted an empirical evaluation of the proposed 
method on a 2 km segment of track located in Shenzhen. 
The scanning equipment utilized in the evaluation exhib-
ited a maximum distance measurement error of ±1mm and 

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
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N
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⎞⎟⎟⎠
+W
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T

,

T =

�
i1 i2 i3
j1 j2 j3

�
N
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i1 j1
i2 j2
i3 j3
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,

E1 =
�
o1 o2 o3

�
N

⎛⎜⎜⎝

o1
o2
o3

⎞⎟⎟⎠
+
�
o1 o2 o3

�
W + E.

an angular accuracy error of no less than 19 arc seconds 
(vertical/horizontal angles). Notably, the inter-point dis-
tance within the point-cloud data did not exceed 1 cm. The 
scanning process involved the deployment of a Leica P40 
high-precision 3D laser scanner (refer to Fig. 9 for detailed 
specifications) and subsequent processing of the acquired 
data using the Cyclone software, specialized for 3D laser 
point-cloud data. Additionally, an independent station setup 
was employed during the scanning procedure, as illustrated 
in Fig. 10. The point-cloud dataset obtained from the tunnel 
encompassed a substantial 630 million points, resulting in a 
file size of 28 G. The tunnel exhibited a complex geometry 
comprising four curves and seven slope variations, with a 
maximum vertical difference exceeding 10 ms. The con-
struction of an authentic tunnel model based on the point-
cloud data offers a reliable means of effectively validating 
the performance of the proposed method. Finally, the visu-
alization of the point-cloud data is given in Fig. 11.

4.2  Performance indicator

In order to assess the accuracy of our model in relation to 
the point-cloud data, we employ longitudinal and lateral 
deviations as experimental metrics. As depicted in Fig. 8, 
we pinpoint four critical locations within a given cross-sec-
tion and evaluate the deviation between the model-generated 
cross-section and the authentic cross-section, utilizing L1 

Fig. 8  The key locations and 
their corresponding devia-
tions employed in comparative 
experiments, where the circle 
with red dashed lines repre-
sents the cross-section of the 
designed tunnel, while the circle 
with blue solid lines represents 
the cross-section of the actual 
tunnel
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to L4 parameters. These locations are carefully selected for 
their significance in determining the overall shape of the 
cross-section.

To calculate the deviation at each location, we measure 
the distance between the corresponding points of the model 
and point-cloud data along both the longitudinal and lateral 
directions. This is achieved through the use of appropri-
ate metrics, such as Euclidean distance or absolute differ-
ence. The resulting values of L1 to L4 parameters allow for 

a quantitative assessment of the model’s performance, with 
a smaller value indicating greater agreement between the 
model and the point-cloud data.

Taken together, this methodology provides a reliable and 
objective approach to evaluating the model’s ability to cap-
ture the shape of the cross-section, and affords the identifi-
cation of areas where further refinement may be required.

With respect to our experimental setup, we maintain a 
mileage distance of 0.1m between successive cross-sections. 

Fig. 9  The parameter of the Leica P40 high-precision 3D laser scanner

Fig. 10  Schematic diagram of independent station setup method

Fig. 11  Visualization of the point cloud collected in the experiment
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For optimization purposes, we implement the gradient 
descent method with a maximum iteration limit of 5000 and 
a learning rate of 5e−12.

4.3  Performance analysis

After conducting experiments on our proposed model, we 
have extracted 10 cross-sections from various locations of 
the tunnel. Our model identifies four significant locations for 
each cross-section, which are then compared with the cor-
responding key locations of the actual tunnel. The deviation 
between the two sets of locations is presented in Table 2. 
The tm column denotes the actual key locations, the om col-
umn denotes the key locations extracted from our model, and 
the dif column represents the difference between the two.

To assess the effectiveness of our proposed model, we 
analyze the deviation in key locations between the actual 
tunnel and our model. From Table 2, it is observed that the 
differences between the actual and extracted key locations 
vary from − 5 to 11.4 mm. The largest deviation of 11.4 mm 
is observed in the top section of the first cross-section, which 
is a transition curve. On the other hand, the smallest devia-
tion of 0.1 mm is observed in the mid-left-1 section of the 
third cross-section, which is also a transition curve. Overall, 
the key locations extracted by our model are relatively close 
to the actual key locations, with an average deviation of 2.9 
mm and a standard deviation of 3.1 mm.

The model shows promising results in identifying key 
locations for most of the cross-sections. For instance, the cir-
cular curve in the second cross-section has a relatively small 
deviation of 2.7 mm, indicating a good fit between the model 
and the actual tunnel. However, the model’s performance is 

not as good in some sections. For instance, the top section 
of the first cross-section has the largest deviation, suggesting 
that the model needs improvement in identifying key loca-
tions for transition curves.

The mean absolute error (MAE) and root mean squared 
error (RMSE) are calculated to evaluate the performance 
of the proposed model. The obtained values for MAE 
and RMSE are 3.64 and 5.17, respectively. These metrics 
indicate that the model’s performance is satisfactory. The 
MAE of 3.64 suggests that the average difference between 
the predicted and actual values is approximately 3.64 mm. 
Similarly, the RMSE of 5.17 suggests that there is some 
level of variance in the model’s predictions.

Finally, a time-complexity analysis is conducted to 
evaluate the efficiency of our proposed model in extract-
ing key locations from point-cloud data. The results of this 
analysis are presented in Table 3. The findings demon-
strate that our model outperforms the conventional point-
cloud data approach in terms of extraction time. This is a 
notable advantage as it facilitates the efficient utilization 
of resources and enables the analysis of larger datasets 
in a shorter period. Therefore, our proposed model offers 
significant potential for enhancing the accuracy and scal-
ability of location-based applications.

Table 2  The key locations on 10 cross-sections are compared between point-cloud data and the proposed mathematical model

The analysis included the distance from the key locations extracted from the mathematical model to the tunnel centerline, denoted as tm, and the 
distance from the key point extracted from the point-cloud mathematical model to the centerline of the tunnel, denoted as om. The term dif is 
used to represent the difference between the two distances (Unit: mm)

Id Line type Top Bottom Mid-left-1 Mid-right-1

tm om dif tm om dif tm om dif tm om dif

1 Transition curve 4460.3 4455 5.3 − 934.9 − 946.3 11.4 2729.2 2734.2 − 5 2666.1 2665.7 0.4
2 Circular curve 4430.4 4427.7 2.7 − 966.9 − 971.3 4.4 2753.2 2755.2 − 2 2643.4 2643.8 − 0.4
3 Transition curve 4426.4 4425.3 1.1 − 974.3 − 972.5 − 1.8 2776.8 2776.7 0.1 2622.8 2622.3 0.5
4 Straight line 4435.5 4432.3 3.2 − 965.4 − 963.1 − 2.3 2811.3 2811.1 0.2 2588.9 2588.1 0.8
5 Straight line 4459.4 4451.7 7.7 − 942.7 − 941.2 − 1.5 2839.9 2839.7 0.2 2562.1 2560.1 2
6 Straight line 4473.5 4469.2 4.3 − 928.2 − 924.2 − 4 2834.4 2834.8 − 0.4 2567.3 2565.2 2.1
7 Transition curve 4446.6 4444.5 2.1 − 952.8 − 947.1 − 5.7 2849.7 2850.3 − 0.6 2549.3 2549.4 − 0.1
8 Circular curve 4451.3 4444.8 6.5 − 949.2 − 944.8 − 4.4 2867.1 2866.8 0.3 2533.4 2532.8 0.6
9 Straight line 4461.4 4458.7 2.7 − 935.2 − 930.7 − 4.5 2866 2869 − 3 2530.8 2530.9 − 0.1
10 Transition curve 4476.3 4473.4 2.9 − 921.3 − 917.9 − 3.4 2852.8 2854.4 − 1.6 2544.9 2545.6 − 0.7

Table 3  Comparing the time taken to extract key locations from 
point-cloud data versus extracting key locations from the proposed 
mathematical model

Number of cross-sections 100 500 1000 2500 5000

Time of traditional method 
[7]

0.704 3.625 7.187 18.318 37.271

Time of our method 0.016 0.082 0.159 0.407 0.831
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Overall, our findings suggest that the model we con-
structed is a valuable tool for efficiently extracting key 
locations while meeting the required deviation standards.

4.4  Discussion

Generally, the method proposed in this paper offers several 
advantages. First, the method employs curve cylinders as 
tunnel models, which enables the rapid extraction of key 
locations and the quick verification of designed tunnel. Sec-
ond, the rapid validation of design solutions supports the use 
of heuristic optimization algorithms during tunnel design, 
providing designers with efficient and flexible validation 
tools.

Nevertheless, the proposed method also has some limita-
tions. First, the model construction process is time-consum-
ing, which could negatively impact the overall efficiency 
of the design process. Second, as the method uses curve 
cylinders as proxy models, it may not be sensitive enough to 
capture irregular deformations in tunnels, therefore limiting 
its ability to accurately predict and validate design solutions 
in certain cases.

Future research can focus on improving the efficiency 
of model construction by introducing more efficient com-
putational methods and optimization algorithms that can 
reduce the time required for model building. Furthermore, 
additional efforts can be made to enhance the method’s sen-
sitivity to irregular tunnel deformations by exploring more 
complex proxy models or incorporating additional input 
information to ensure more accurate modeling.

5  Conclusion

This paper introduces a mathematical model that accurately 
represents real metro tunnels and efficiently extracts key 
locations from point-cloud data using multiple cylinders. 
The findings of this study confirm that the constructed model 
serves as a valuable tool for effectively extracting key loca-
tions while adhering to the required deviation standards.

The proposed model offers several notable advantages. 
Firstly, it utilizes curved cylinders as tunnel models, ena-
bling rapid extraction of key locations and efficient verifica-
tion of the tunnel design. This allows for quick validation of 
design solutions, supporting the use of heuristic optimiza-
tion algorithms during tunnel design and equipping design-
ers with efficient and flexible validation tools.

However, it is essential to acknowledge the limitations of 
the proposed method. The process of constructing the model 
can be time-consuming, potentially impacting the overall 
design process efficiency. Additionally, relying on curved 
cylinders as proxy models, the method may have limitations 

in accurately capturing irregular tunnel deformations, poten-
tially resulting in inaccuracies when predicting and validat-
ing design solutions in specific cases.

Future research can focus on enhancing the efficiency of 
the model construction process by introducing more effi-
cient computational methods and optimization algorithms 
that minimize the construction time. Furthermore, efforts 
can be made to improve the model’s sensitivity to irregular 
tunnel deformations by exploring more intricate proxy mod-
els or incorporating additional input information to achieve 
more precise modeling.
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